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PREFACE 


The achievements of the Ancient Indians in the field 
<if Mathematics and Astronomy form the most wonderful 
cluiptcrs in the history of civilization. The present 
work, it is hoped, would give in a nutshell the salient 
t'oiii rihiition* made by Indians, to the development of 

I lu* siil»|cctifrom Vedic Age to the end of the seventeenth 
< l ilt m y. 

The present work was finished as early as January 
l‘)42 just alter my visit to the observatories of Ujjain, 
liiipur. Delhi and Benares. But due to various difficulties 

II ( ((iild not be brought out earlier. 

I cannot close this small preface without thanking 
Ml . 1), T. Adhatrao. D. M. E. Assistant Lecturer Poona 
I'.iigmccring College and Mr. V. G. Kelkar for drawing 
I III’ (inures in this book. 

My thanks are also due to the authorities of the 
Ai viililiushan Press for the readiness with which they 
muli’Kook the printing inspite of the pressure of work. 

I liiivi* also to acknowledge with thanks the vigilence and 
I dll’ they have shown in correcting the proofs. 

I acknowledge my indebtedness to the University of 
hiiiiiliav for the substantial financial help it has granted 
iiiwardN the cost of the publication of this book. 


.‘<i>l<lliiii I li ('ollege 1 

> L. V. Gurjar 

111 A|.iil j 
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ANCIENT INDIAN MATHEMATICS 

CHAPTER I 

INTRODUCTION 

I littory of Mathematics will have to undergo a con- 
ii>l>'iitlild change due to the recent researches in the 
hlKliiry of Ancient Indian Mathematics. It has been 
louiiJ and acknowledged on all hands that the Science of 
Mill hematics was developed to a great perfection and it 
in the early researches of the Hindus that wielded a vast 
tiilhii'iicc in the forward world march ot the science, 
11 In proposed here to place before the reader the salient 
iDitiurcit of the early developments in this branch of science. 

The contributions that the ancient Hindus made to 
Mm hematics can fairly be divided into three periods 
< II) the Vedic Age (b) the Pre-mediaeval period and (c) the 
med larval period. 

The earliest available works are the Vedas. They 
are the hymns of praise of the Supreme 
V...I.I. miilVodaiigas and their highly poetic nature clearly 
indicate the high state of civilization 
(lull nourished from the shores of the Sindhu to the 
huiahlN of the Himalayas. There is a considerable con- 
iioveiNv regarding the age of the Vedas. Some claim 
I hill iliey are the compositions as old as 3000 B. C. but 
wiilioiii entering into the details of controversial nature 
we.iin lake tlie general estimate of the nature of things 
anil (Nil place the Vedahgas—the compositions of the 
laiiei pail of the Vedic age—in a period extending from 
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1500 B. C. to 750 B. C. (Winternitz* History of Indiam 
Literature Page 310). 

Of course it is clear from the results derived and the 
developments recorded in a few sutras in ‘Kalpa’and 
‘ Jyotisa’—two of the Vedahgas, that much of the earlier 
works must have been lost in antiquity. Still the know¬ 
ledge that has been handed down or rather transferred 
vocally for generations together, bears a strong testimony 
that the Hindu—the inhabitant of the bank of the Sindbu— 
had made enormous strides in the field of Mathematics. 
This high level of intellectual attainments was maintained 
in the mediaeval period inspite of foreign invasions, the 
internecine wars, the vastness of the country and the 
greatest handicaps such as imperfect channels of com¬ 
munication; with all these difficulties however it can 
legitimately be said that India lead the whole world in 
the field of Mathematics as far as the beginning of the 
17th century. 

With the introduction of the British Raj in India, 
the western scholars actuated by the 
^'scholar* Western thirst of knowledge, swooped upon this 
abundant treasure of mathematical 
knowledge almost like carrion birds. They brought out 
the translations of various works at times with comments, 
at times with criticisms and at times by bare literal render¬ 
ings. But it must be borne in mind that their compre¬ 
hensions, presumptions, explanations, interpretations and 
inferences cannot be taken word by word. The reasons 
for this are the following:— 

( i ) They are alien to the language in which the 
whole mass of work is found; they often find the language 
obscure and mystic and moreover it frequently appears 
that the works are translated with the help of Sanskrit 
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Pundits—scholars of the language—who knew little of 
the subject discussed. 

(ii) The researches appear in the verse form 
adapted to the aid of memory, though suitable to the 
Indian mind, presents a strong difficulty to the westerners, 
at tunes rendering the parts unintelligible. 

( iii ) The whole of Indian atmosphere which 
liiiinit I lie background of all developments is foreign to, 

I lii'in. 

(Iv) The western Scholar being foreign to the 
langiiatta is apt to study first the prominent works of 
Indian Matlicinatics—almost all of them seem to have 
lieUnn their research by starting reading Lilavatt by 
hhiiuliaiaiarya, Brahmasphuta-Siddhanta by Brahma- 
Unpi a, (ianitasarasahgraha byMahavir &c.-the muchdeve- 
lii|nid and wellknown works of the mediaeval period. 

I Ill'll they attempt at understanding the developments; 
III Mat hematics of the vedic age found in Sulva-Sutra. 
Mil I emit is that they fail to find the same kind of prcci- 

.. and accuracy in the method of expounding the sub- 

|i i I and I hey therefore conclude that these ancient works, 
.a have been interpolations done at a later date. 

( V ) They question the originality of the Indian 
*ii ii III e by trying to establish the influence of the Greek,, 
A I,I bln III II Egyptian Science over the Indian, without any 
ilii' ii eviilence and they assert that these works are in- 
ilinaii i d bv 1 lie developments of the Science in the Medi-^ 

II 1 .Ian muni l ies. Thus they study the old works 

i.iiliii III II comparative method, through the eyeof a 
lu l l . 1 m In liar and not through the impartial eye of a 
HI 11 . 1 . Ill Vei V lew of them like Bailly, Sir William Jones, 

I Innlii 1 have poiiiied out tlic independence of the growth 
1,1 I III liiibaii .^l lence. 
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The question of date arises only in the case of works 
of the Vedic Age and those of the mediaeval period. The 
age of the Vedas and the Vedahgas is a matter of much 
dispute, but as has been already referred to. we can take 
the general estimate and can place the Vendahgas in a 
period extending from 1500 B. C. to 750 B. C. 

The developments of this age are recorded in the 
vedahgas that are auxiliary to the 

Vedangas Vedas. They are designed to aid in 

the correct pronunciation and inter¬ 
pretations of the texts and the right employment of the 
mantras or chants in ceremonials. Vedahgas are six in 
number. 

5 II 

( i ) —the science of proper articulation and 

pronunciation-Phonetics 

(ii) 3^—the science of prosody i. e. Metronomy 

(iii) —Grammar. 

(iv) i^—Etymology. 

( V ) 3^1^—Astronomy. 

(vi) ^—Rules for the rituals and the ceremo¬ 
nials. Thus in Vedahgas we find the foundations of 
almost all the essential branches of human knowledge. 
The last two Vedahgas—Jyotis and Kalpa contain the 
developments in Mathematics of the age. 

Of these, the Jyotis helped the ancient Indians in 
determining the auspicious day, hour and time for perfor¬ 
ming the sacrifices. It is found in two rescensions—the 
Arca-Jyotis and the Yajus-Jyotis, One belongs to 
Rgveda and the other to the Yajurveda. The contents 
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of both arc more or less the same but they differ in num¬ 
ber of verses contained in them due perhaps to two diffe¬ 
rent preceptors. In all there arc fortynine verses and 
tliey give a systematic development of Astronomy toge¬ 
ther with the Mathematical formulae required for calcu¬ 
lating the time and the positions of the sun and the moon 
in various naksatras or the parts of the zodiac. 

Till' other mathematical developments are recorded 
in the works known as Sulva-Sutras. 
' Sulva-Sutras are the supplements of 

the Kalpa the last of the Vedahgas. 
'I'h«y give systematically arranged descriptions of sacri- 
h( iiil rites which were practised in Ancient India in 
Vfilic age. They deal with the measurement and con¬ 
'll I IK lion of different Vedis or altars. _ The word ‘ Sulva ’ 
means tlie sacrificial rite and hence ‘Sulva-Sutras’ means 

I Ilf rules regarding the ‘sacrificial rites’. It seems that 

liiifi on the word Sulva came to mean the cord employed 

III iiifasuring the altars. It must be borne in mind that 

wiiiil niiju ('(3g) is used in the Sutras to mean the cord 

mill not the word Sulva. Thus the word Sulva-Sutra 

iiiiisi he interpreted as the science dealing with the rules 

III I Ilf sacrificial rites and not to mean ‘ the rules of the 

/ 

II ml' IIS the western scholars have done. In Sulva-Sutras 
IIIf riensured a wealth of geometrical and arithmetical 
If mills. They must mainly be considered as works on 
I' iiniiifering with definite instructions for building altars 
liii which all knowledge about numbers has been used to 
iiilviiniiigf, just as in modern times all available Mathe- 
iiiiiiKs is made use of in Engineering. The works on 
I'mliiiffi ing are not expected to give the proofs of the 
mill hfiniitical results or to present the mathematical 
I igiiiii ns t heir aim is simply to make use of the formulae 
mill nut In expound the methods by which it is obtained. 
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In the pre-mediaeval period there are two celebrated 
works (i) the Baksali Manuscript 
^'^medfivar'works Surya-Siddhanta. There is a 

good deal of controversy regarding the 
date of these works and it is really very difficult to 
establish the actual date of their composition. Certain 
circumstantial evidence together with the internal one 
however, enables us to fix the upper and lower limits for 
them. Of these Surya-Siddhanta is a work on Astronomy, 
while Baksali Manuscript is purely a work on Arithmetic 
and Algebra, 

In the mediaeval period however—that is from the 
4th century to the 17th century—there is no need to enter 
into the discussion regarding the date of various works a s 
the time when the various mathematical celebrities lived, 
can be definitely known either by the mention of it in the 
works themselves or by other circumstantial references. 

Of course such controversies are to be entered into 
with a pious desire to record the gratitude of mankind to 
the originators of various sciences so that the credit must 
go to the proper personages irrespective of the country or 
the region they belong to. In such investigations it is 
never desirable to bring in patriotic, regional or conti¬ 
nental considerations. On the other hand one must be 
prepared to know the facts as they are. Unfortunately, 
while dealing with developments in Mathematics of the 
mediaeval period, it would be found that many of the 
western scholars have tried to show in Indian Mathematics 
the traces of Diophantus—the Greek Mathematician. 
Hence it is worth-while to note in a nutshell the nota¬ 
tions of Diophantus and those of Hindu Mathematicians 
so that the reader can judge for himself with certainty as 
to whether there is any grain of truth regarding the 
Diophantine influence on Indian Mathematics. 
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The Hindu Mathematicians have no mark for (+): 

Comparison between “s® of abbreviations and 

Diopiiantus and initials of the word meaning summa- 
u indu notations j .£qj symbol i.e. 5 from ga for summa- 

tion. The mark for minus is a dot over the quantity to 
be subtracted. Instead of a mark of multiplication, the 
liictors are written together just as in modern way. A 
liacrion is denoted by writing the divisor under the divi- 
ileiid, without a horizontal line of separation. No equa- 
III V or inequality signs are used. But this fact is denoted 
liv I lie initial syllable of a word of that import. The un¬ 
known quantities are denoted by the first word of the 
colours. The sides of an equation are written one below 
I lie other. The square of an unknown quantity is marked 
hy lidding to the expression the first letter of the word 
which means square (q for qif=square); in like manner 
I he cube and so on. 


Now compare these with Diophantine notations. 
I'oi additions Diop'hantus does not make use of any symbol 
111 all; it is expressed by mere juxtaposition. For sub- 
IIIII lion, the symbol t might have been used by him. It 
u duiibtfiil whether Diophantus used it, as various theo- 
I ii’N are advanced by various scholars about it. The pro- 
hahlc symbols for subtraction given by various scholars 

aie 


T. t. 4. 4-, 4 


A 1 nobody is definite about it we cannot ascribe its in- 
iiodiniion to Diophantus. For division, Diophantus 
fiantd I hat no symbol was necessary as long as the divisor 
divided the dividend without a remainder. In other 

I ases, I he quotient is to be expressed as a fraction, and 

I I III I ions are explained in different ways according as they 
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are sub-multiples or not, sometimes by simple accent or 
two accents or sometimes by Thus 


t 


7* = ^ or 7 = 
and so on. So no particular definition was used. In other 
fractions the numerator and the denominator are written in 
full, the denominator being written above the numerator — 
exactly the reverse of che Indian or the modern way of 
writing. In his solution he did not introduce more than 
one unknown. In fact he did not conceive of solutions 
containing two or more than two unknowns, and if he 
comes across such a problem, that problem reduces to the 
indeterminate simultaneous equation of the first degree. 
Thus his incapability of conceiving the introduction of 
more than one unknown, is unnecessarily given promi¬ 
nence by the western scholars and on this score, they 
assert that he is the originator of the indeterminate equa¬ 
tions. He called the unknown representing by 

the final s, the square by dynamis, Cubos for cube etc. 
The sixth power for him is cubo-cubous which the 
Hindus correctly designate as quadrate cube (cube of 
the square or square of the cube ). 

It is true that the Diophantus lived about two cen¬ 
turies before Aryabhatta. But the 
°^atSmat/cs° spirit of Diophantus is absent from the 
works of the Hindus. None of his 
problems, not a trace of his symbolism, not a bit of his 
phraseology appear in the Indian algebraical work. It is 
true that the Indian Mathematics lack the cold logic, the 
consecutive arrangements and the abstract character of 
modern Mathematics, But it is the noteworthy feature 
of the Indian Mathematics of this age that it contains 
problems clothed in highly poetic language rich with 
imagination—the very trait, the western Mathematics 
lacks—the trait which alone, is sufficient to establish the 
originality of Indian science. 
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Another charge that has been levelled against the 
Mathematicians of this period, is that 
'clmrKeaga'inS^HSdu they did not Utilise the results obtain- 

uiiir agecomposers of the Sulva- 
sutras. Cajori says* “strange to say, 
none of the geometrical constructions occur in later 
Hindu works, the latter ignore Mathematical contents 
Ilf the SulvasQtras.” The same charge would have been 
iiimlo iiy Cajori with respect to the contents of Baksali 
Miimiii ript had he known that it contained more Algebra 
I liiiii "the arithmetical computation”! Such a charge is 
Miidlii without taking into consideration some of the facts 
III tin* proper light. 

(1) If we look to the geographical conditions of 
India we find that it is as vast as a continent. 

(2) The sacrifices for which the geometrical con- 
Htructions of the Sulvasutras were essential,, 
were no longer performed due to the disturbed 
londitions of the country throughout this 
period. 

( I) I f we study the history of Hindu Mathematics 
and the lives of various Mathematicians of this 
iijli', we find that this subject was being studied 
liM generations after generations in one family 
iiml the link was kept up throughout till the 
ihilliirds or the nonmathematical minded sons 
III I lie lainily left the subject. Again whatever 
they studied had to be put in the form of a 
vi i se iiiul as such, only the eminent composers— 
III poets of the family came to the forefront 
iiiiil aie now known as the mathematical cele- 

I 

In II les. As such, the illustrations of the Sulva 


I H|iiii a Iluiiii V III Mitlliiimallcii. 
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theorem (wrongly known as Pythagoras) were 
given in arithmetical numbers afterwards, and 
by the time their use was handed down to 
posterity, the original reference might have 
been lost. The examples given on mensura¬ 
tion to illustrate the use of Sulva theorem have 
been given by Bhaskaracarya; it is very 
likely—if we take into consideration that 
Bhaskar was a son in the seventh generation 
of the family of a galaxy of Mathematicians 
keeping up the family traditions—that by the 
time Bhaskaracarya made use of them, he 
might have found the acknowledgement of the 
importance of the methods of Sulvasutras 
unnecessary. 

<4) The Geometry they developed, had very little 
to do with the Astronomy they developed and 
therefore the geometrical theorems referred to, 
in Sulvasutras were given as those under men¬ 
suration. 

Again if we look to the language of the Sulvasutras 
and the terminology of the Mathematics of this age, we 
find a close connection between them. For instance the 
term Varga (qif), the meaning in which this term has been 
used by the Mathematicians of this age is “the square of 
a number.” The origin of this term is found in Sulvasut¬ 
ras. Note down the passage in Apastamba. 

T ranslation :—As many measures a cord contains, so 
many rows it produces. 

Thus the square drawn with the side of five 
‘purusas’ could be divided into five ‘Vargas’ each con -1 
sisting of five small squares each with a side of one 
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Purusa. Another word that establishes this connection 
is'Karani’ ‘Karanl’ meant originally the'rajjukarani’ 

the cord used for measuring of a square altar by 
the Adhvaryus. To the composers of the Sulvasutras it 
was an easy problem to draw a square whose side is an 
irrational number say ^ 10. For 

filR^iqrs|qr?fr i 

i. e. 12 + 32 = 10 

The Karani that measured such a side represented an 
irrational number, and thus the word Karaiii came to have 
I lie meaning a proper surd, just as V'S, VS, VI etc. How 
I he word cande to have the meaning cannot be explained 
ill any other way but this, and that establishes the con¬ 
nection between this and the Sulvasutras. The word 
(!iti is also taken from Sulvasutras. 

Hence such charges made by the historian of Mathe¬ 
matics are ill-founded. 

Another charge that has been made against the Indian 

Mathematics is, to quote Cajori. “The 
\Vli. ilicr Hindus bor- -t' ^ j r • • 

iiiw.id from Greeks Hindoo gave no definition, no postu- 

iM' (.reeks borrowed lates, no axioms, no logical chain of 
Ikiiii Hindus . -t 1 1 r 

reasoning. His knowledge of mensura- 

I mil was largely borrowed from the Mediterranian and from 

< liin.i, through imperfect channels of communications"V 

As regards the first part of the statement by Cajori 
«'.• have to note down the following points. In the first 
I'liiif, they have to put everything in the verse form to 
• memorised easily, they waiited to make it as short as 
I'Mnnilili; and as such, they noted down the final results 
I lt> v derived, in more or less the Sutra form (or for¬ 
mula), Note that in all cases they followed this 
(It -1 Imd, Whenever a difficult problem was tackled, they 

• lliillou arc mine. 
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have supplied elaborate explanation. The reader can 
test the validity of this statement from ♦he works of 
Bhaskaracarya when he tackles the indeterminate equa¬ 
tions. The only thing is that we are accustomed to view 
the old Mathematics in the light of the modern mathe¬ 
matical logic, as we are taught that way. If approached 
in the proper Hindu way—the way in which the old 
Hindus looked at the whole thing—we would find that 
there is nothing more logical than the reasoning they 
advanced. The advance of any science is to be scudied in 
the light of the historical progress that is being gradually 
piled up; if we attach the same strict rules of Modern 
logical reasoning, Indian Mathematics—why even the 
Greek Mathematics—is bound to fall short and would 
not satisfy our requirements. 

Again it would be observed that many European 
Scholars have tried to place some of the works of the 
mediaeval period to a later date whenever no mention of 
the date of its composition is made in the work. Such 
endeavours at times enable them to establish the com¬ 
parative advance in Mathematics made in the countries 
of the Mediterranean basin. In fact the Europeans have 
learnt their Algebra and mensuration from the Arabs who 
borrowed it from the Hindus. In this connection note 
down the following statement aTffiqr to# ni^: • avkariam 
vamato gatih. To denote any quantity proceed from left 
to right. The people whose script is written from right to 
left, would have had the same way to write any quantity. 
But throughout they have followed the Hindu method of 
the place value notation. This fact alone explains that the 
Arabs had to pick up their knowledge of numbers from 
Indians. Alberuni who had to visit India in the eleventh 
century stayed in India to study Mathematics and Astrono¬ 
my and later on from the court of Babylon a number of 
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scholars came to India to learn the Science of Mathematics. 
Thus through Arabs the place value notation together with 
the knowledge of numbers .was imported into Europe. 

Irrespective of such a controversy however the fact 
icmnins that the brilliant achievements the Hindus 
allowed in Algebra and Astronomy during the mediaeval 
pel loJ ate equal to none and they excel all those attained 
Itv ilie westerner during the same period. 

I'or instance, in Lilavati which was written in 1136 
liv llli.iskaracarya we find a perfectly connected struc- 
iiiii> of science comprehending propositions which in 
li.iM'ope were invented successively by M. Bachet de 
Mi'/.im iac, Euler, and De La Grange from 17th century on- 
y^'iiiilt, would it be justifiable to say that solutions given 

• •V this galaxy of Mathematicians were borrowed from 
hliii'ikar iciirya “through imperfect channels of com- 
iiiniin aiion" as Cajori puts it?* Just as such a state- 
Mi.'iii would be misguiding and utterly foolish, similarly 
(■. > Mill hide—that too, without any basis—that the 
Moidiu borrowed the knowledge of mensuration from 
I li^ M»'«Iiterrancan ‘ through imperfect channels communi- 

• 'll loiii' would be at the face of it utterly misleading. 

Ill iliis mediaeval period, there lived a number of 
M'li liv'iiiai iciuns whose works were studied throughout 


' Ui'wloii l» crodited (or the iavention of Calculus aloag with 
I'll.i.ti. Nnwton'ii work is said to be independent of that of Leib- 
Mil. IImiIi Ilf ihniii wore contemporaries and belonged to the countries 
O' II Hill n'lmiitiml by nchannelof hardly twentyseven miles. The coin< 
Mi.iiii. iii'iiu Imiwiinn the two countries were at the time decidedly 
• • iiHi ili'iii iliimn iiRlatlng between Greece and India, In the same 
I" iiiil aiyln ita I ajoiI'a would it be bold to remark that any one of 
11. 'll i"iiiiMo.il iniiii Ilia olhor through the perfect "channels of com- 

• ■••I' ftMilM '' 
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the kngth and breadth of India. Of all of these it is not 
possible to deal with all the work as such and therefore 
an attempt would be made to bring out the most impor¬ 
tant results achieved by them. 

In order to gauge the progress in Mathematics in India 
during this mediaeval period, it would be sufficient to treat 
only the momentus results achieved by the four Mathe¬ 
maticians, Aryabhatta I, Brahmagupta, Mahavir and 
Bhaskaracarya, both from the point of view of History 
of Mathematics and the developments in Mathematics. 
Though there lived a number of Mathematicians whose 
works have influenced those of some of the above men¬ 
tioned celebrities, still it would be found that to the for¬ 
ward world march of the science their quota is but little. 
Of course their importance cannot be lost sight of, since 
they helped to keep up the continuity of the progress 
and thus in a way paved the path of these galaxy of 
Mathematicians enabling them to discover most wonder¬ 
ful results which have become the pride and glory that 
is Ind. 

I cannot however permit myself to continue these 
reflections any further. The main purpose of this bookleC 
is to piece together some features which indicate the 
developments made by the Ancient Indians. This having, 
been done the lessons and the conclusions to be drawn 
must be allowed to remain over for discussion and con¬ 
sideration for impartial and intelligent readers. 
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CHAPTER II 

DEVELOPMENT IN LOGISTICS IN VEDIC AGE 

At the outset a few references from the Vedas would 
IMOve that the Hindus had an elaborate system of 
imnn'ials. 

Wl—II 

w—'raiiOT I' 

*fi—R im 2rT?i^?55ii^ i®ii 

"S 

Rgveda II18, 4 to 6; 

>(^I ^ ^n^igd^ 

n . ■*< 513^ =? 513d =^, ^ 

■HIi'Im 

Vajasaneyi Samhita XVII 2,. 

I'liiTi'arc a number of such quotations and so only 
iliv‘ K'Icrcnces would be sufficient. 

Ill the seventh Kanda (part) in second Prapathak 
I "nl.|.iii t) aiiuvak ( apqipatq ^1%^ ) 11 tO' 

'"'•I liiittiriya Samhita while offerings arc made to the 
■■ t. nh, 1,(1 (ire all numerals are given and odd and even 
MiMiilii i«i upto hundred are repeated. They called an odd 
MMinli. I Aviigma and an even number Yugma. In addition 
1 1" V 1 niiiatii the tables for 4, 5,10, 20,100 and they are 
I" 'It III ilu; Idllowing order. 

l l-l 5x1 = 5 10x1=10 20x1=20 

I H 5 x 2 = 10 10 x 2 = 20 20 x 2 = 40 

I I 1:1 5 x 3 = 15 10 x 3 = 30 20 x 3 = 60 

20x4=80 

^MjdxrlxmXcjoL 
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4 x 25=100,-5 x 20=100. 10x10=100, 20 x 5=100 
100x1 = 100 100x1=100 


100 x 2 = 200 100x10=1000 

100 x 3 = 300 100x100=10000 


100x10=1000 100xl0‘“=10» 

Moreover in the 20th anuvak (Taittiriya Samhita VII 
Kancja ) the following definitions are introduced 

10^ They called Sata 10“ They called Anta 


10 ® ., 

„ Sahasra 

10 *’ 

• 1 

99 

Parardha 

10 ' 

,. Ayuta 

10 '® 

»> 

99 

Usas 

10 ® 

„ Niyuta 

10 “ 

• I 

99 

Vyusti 

10 ® ,. 

„ Prayuta 

10 '® 

>1 

99 

Desyat 

10 ' „ 

„ Arbuda 

10 '® 

*• 

99 

Udyat 

10 ® „ 

,. Nyarbuda 

10 “ 


99 

Udit 

ID’ .. 

„ Samudra 

10 '® 

• 9 

99 

Suvarga 

10 '® „ 

„ Madhya 

10 '® 

*1 

99 

Loka. 


Such systematic definitions establish the fact that the 
Hindus had a definite system of denoting any number 
upto 10'®. Besides they proved that they were conversant 
at least with addition and multiplication—the fundamental 
operations of Arithmetic. 

After the Vedas we come to Vedahgas in which 
Vedahgajyotis forms an important part. Almost each 
and every verse of the Vedahgjayotis convinces us that 
in addition to the knowledge of numerals, Hindus were 
well versed in logistics—addition, subtraction, multiplica¬ 
tion, division, four types of examples in vulgar fractions 
and the rule of three. A few verses would sufiBce to 
(prove the validity of the statement. 
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Consider the verse * 

IV Arcajyotis. 

Prose order (m (^ 
Tlgoi () 1 qgqr 88^115^ giwn (^) q^oit 

I 

Translation ;—Subtract one from the number of solar 
years. Multiply it by twelve, add the number of 
past solar months and multiply the sum by two 
(and we get solar ■parvas'). For every sixty of 
these sixty-two are the lunar parvas. 

Explanation Let r be the complete solar months of 
the n*^ year. Then the above rule can be summed 
up as 

2 1^12 (n—l)+r J are the solar parvas 
while the lunar parvas are given by 
|-[2 {l2(„-l) + ,}]. 

To understand these formulae, it is sufficient to know 
thill I lie Hindus of the time had introduced the following 
>!• hull ions 

2 parvas = 1 month 
T2 months = 1 year 
II nd 5 years = 1 yuga or cycle. 

I liMicc in one yuga there are 60 solar months while 
I h. V 1111 ‘d to take in one yuga 62 lunar months. Hence 
iM .11 .h r 10 find the number of parvas that elapsed at the 
. M.l 111 I months of the n*^ year we have first to subtract 
..111 I null u so that it gives (n—1) years that have elapsed. 

4 
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Multiplying this by 12 we get 12 (n-1) months. Addition 
of r to this gives us [ 12 (n—1) + r] the total months that 
have elapsed. Double of this would obviously be the 
number of solar parvas that have elapsed till then. 

Again to convert solar parvas into the lunar ones, 
we have simply to follow the rule of three. 

60 X 2 solar parvas are equivalent to 62 x 2 lunar 
parvas then 2[12(n — l) + r] solar parvas arc therefore 

equivalent to ^ [^2 |l2 (n - l)+r }] lunar parvas 

i. e. |l2(n— l + rj-J lunar parvas. 

That is how the composers of the Vedahga jyotis 
must have arrived at the above formulae. 

On the whole, the formulae require a thorough mas¬ 
tery over logistics. And the proficiency of the Hindus in 
the fundamental operations of Arithmetic is revealed in 
the derivation of the above results. 

Consider also the X verse. 

11 _ 

X Arcajyotis. 

Prose order () gl^^ljcn: qiar: W: aT2^: W: 

5^ 3Tfet I si ^5^1 q II 

translation :—Parvas which arc twelve or multiples 
of twelve in number have their Bhamms (parts 
of Bha—constellation) eight or multiples of eight- 
For the rest (which arc not twelve or multiples 
of twelve) multiply the number by eleven to 
obtain the Bhamsas. In bright half the month to 
find the moon’s position in the constellation add 
62 (half of 124 lunar parvas in a yuga) to obtain 
the Bhamsas. 
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Explanation :—The number of constellation is twenty- 
seven. The sun passes through twenty-seven 
constellations i. e. one complete circle in one 
year. Hence in five years the sun travels through 
27 X 5 constellations. One cycle of five years 
contains 124 parvas. Hence in one parva. the sun 

goes through ^j^^constellations 

one complete constellation together with 11 parts 
of the next if each constellation is divided into 
124 parts. These parts or am»s of the constella¬ 
tion are called Bham^s. 


Hence to obtain the Bham^s for any particular parva 

I lie number of that parva will have to be multiplied by 

II and divided by 124. After removing the integral part, 
I he numerator of the fraction gives the Bham^s for that 
(itirva. Thus for the parva the number of constella- 
(ii ms travelled by the sun are 


Let 


n, 111_ .lln 

” 124’ 

= I + where I denotes the integral part 


in 


lln 

124’ 


I'lien 

" (^ + &) =(”+0 


(A) 


I In'll B gives us the Bham&s for the n*’* parva. The first 
III!*'Ilf the above verse states that if n happens to be 12 
Ml >1 iiiiiltiplc of 12, B is 8 or a multiple of 8. 


II M ‘ 2r (i.e. even) the sun and the moon are in con- 
iMiii iiiiti itiid so they have the same Bham^s. 
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If n = (2r—1) (i. e. odd) which is so for the bright 
parva, the sun and the moon are in opposition with a 
27 

difference of = 13J constellations. 


Hence for the position of the moon the number of 
constellations travelled by the moon is obtained by adding, 
13J tO'(A). Hence it is 

|^2r + I + 13 + J Jwhen n = 2r 
and (2r - 1) + I + 13when n=^2r-l 


[2r + I + 13] + 


B + 62 
124 • 


|^2r — 1 + 1 + 13^ + 


B + 62 
124 • 


Hence the moon’s Bham^s are B + 62 i. e. B + half of 124 
while those of the sun are B. 


Such an elaborate and methodic analysis must have 
been developed by the Ancient Indians to arrive at the 
formulae given in the above verse. 


Again consider the verses XVI, XVII and the XVIII 
together. 

II 

Arcajyotis XVI to XVIII 


Prose order (ap^:). ( 

1 JiTTi%, T|f^: Hritqq: 

« 
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\ i 

• 

^jt: I Wf: ^1^ i 

W: WI^: I 

Translation :—A nadika is equal to 10 + ^ kolas, tw6 
nddikds make one muhurta ; sixty nddikds make a 
day, so also 603 kalas make a day. 

T wo nddikds make a muhurta fifty palas make one 
dsaka, from dsaka kumbhaka is derived. Drona 
is greater than kumbhaka by three kutapa. 

The moon is in one constellation for one sdvan day 
and seven kalis. The sun is in one constellation 
for 13f sdvan days. Kdstha means the time 
required to pronounce five long syllables. 

Explanation: —Here we observe that the first two 
verses together with the last part of the last 
verse give us only the definitions of the units of 
time-kald, nddikd, muhurta, pala, dsaka,kumbhaka 
Drona and katap —the last four have also been 
defined in an earlier verse. 


^Ine saur year consists of 366 days. Hence a cycle of 
five years contains 5 x 366 = 1830 savan days. 
In one cycle of five years, the moon travels 
27 X 67 constellations this has been given from 
the verse 31 of the yajusa Jyotis. 


I lonce to go through one constellation the number of 


tvi u-i|uired is 


366 X 5 610 7 

67 X 27'“ 603“ 603' 


iiif silvan day and 7 kalds since 603 kalis make one 


'.iniiliirly in a cycle of five years i. e. 1830 sdvan days 
If 'HIM travels through 27 X 5 constellations. Therefore 
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to travel through one constellation, the sun takes 

1830 122 . , 

2^ 7 X 5 °= “g” =13 + g- savan days. 

There are many such verses in the vedaiigajyotis in 
each of which we find a formula derived after immense 
calculations. A part from the astronomical value of 
these results, it must at least be said that the proficiency 
the ancient Indians showed in the field of Mathematics is 
worthy of the vedic civilization and the credit must go to 
them for being the originators of the science of Astronomy 
and Mathematics. 
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DEVELOPMENTS IN GEOMETRY IN VEDIC AGE 

In the days of Vcdic civilization, India was under 
I he powerful sway of religion and the necessity of perform¬ 
ing the sacrificial rites to please the gods, so that they 
•liould deserve the boons which the gods confer on, in 
I eturn, led the Indians to choose the auspicious time for 
the sacrifice and to make the shape of the altars as 
iin urate as possible so as to make their offerings accept- 
iihlc to the gods. This fervour of religious belief made 
ilu* Adhvaryus of the time to develop Astronony as we 
hiivo seen in the previous chapter while the accuracy of 
till' shape of the altars for the sacrificial fire made them 

• liltover theorems in Geometry, They have also obtained 
I Ilf value of correct to five places of decimals, 
■I'- II was essentially required in the building of sacrificial 

(iif'i. 

All these developments are recorded in the Sulva 
“III lilt which are the supplements of the ‘ Kalpa’ Vedahga. 

... the Sulvasutras that belong to Kalpasutras the 

Ilf ml important are those of Baudhayana and Apastamba. 

I In If IS also a Sulvaparisisfa belonging to the Sukla 

• •! iiii vfda and is ascribed to Katyayana. The composers 
•I I Ilf Sulvasutras have first of all enumerated the rules 
I I iiifnsuring, next they teach us how to fix up the right 
i l l. im (nr the sacred fires and then about the shapes of 
ill. .Iillfifiit Vedis (altars) Saumiki Vedi, Paitrki Vedi 

•. riifii follows the detailed description of the ‘ agni ’ 

I Ilf III III r built of bricks. The shapes of various kinds 
. I I'lii In have been given. They contain the following 
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figures—a rhombus, an isosceles trapezium, a square, a 
rectangle, a right angled triangle and an isosceles right 
angled triangle. Every altar was to be constructed to five 
layers of bricks so as to reach the height of a knee, every 
layer consisting of 200 bricks. They further furnish 
us with all the particulars of various ‘ citis ’ ( altars ) 
viz. Syenacit, Alajacit, Kahkacit, Smasanacit etc. For 
all these citis, the area fixed was seven and a half 
square purusas. At the second construction, the area 
pf the citi is to be increased by one square purusa, at 
the third construction by two square purusa and so on 
till finally for the soma sacrifice it is increased by twelve 
square purusas. Hence the rules for adding two squares 
were obtained. Again when they had a discussion regard¬ 
ing the construction of Garhapatya altar, some opined 
that it should be of a square shape while the others 
asserted that it must have a circular shape and consequ¬ 
ently there arose the need for circling the square and 
vice versa since in both the cases the .area is to remain 
unaltered. Their aim was primarily religious and not 
mathematical, yet the brilliance they have shown is an 
index of the Mathematical developments of the age. 

They have dealt with the following theorems. 

(i) The wellknown theorem on a right angled 
triangle—i. e. the Sulva theorem (now wrongly 
known as Pythagoras theorem) with all its 
accompanying properties. 

(ii) Drawing a perpendicular to a given line at a 
given point of it and how to draw the perpen¬ 
dicular bisector of any line. 

(iii) Finding the mean proportional i. e. finding the 
side of a square equal in area to a rectangle. 

(iv) To construct an isosceles trapezium equal in 
area to a square. 


^MjfLxrLxmXcJtlJL 



DEVELOPMENTS IN GEOMETRY IN VEDIC AGE 23 

(v) The value of a/ 2 correct to five places of 

decimals. "t 

(vi) Find the circle equal in area to a given square 
and its converse. 

We shall deal with these cases one by one. 


I 

Sulva ( Pythagoras ) Theorem 

Baudhayana and Katyayana state 

'Tl’lupn 

I 

Explanation %5rpi Jn ^Rvft- 

?«wgTr ?rat q?5tfn<fi^ 

«ii qf^lrr^ft Hrs?Jr5i ^<>11^ 2«i«i?Tr ?R{t 

T ranslation ;—The cord ( of the length of the ) dia- 
Uoiial of a rectangle makes both (areas), which cords for¬ 
ming the length and breadth make separately. 

Apastamb states the same rule as:— 

qrs^inill WRt i 

Thus they state that the square on the diagonal of a 
I >'i'.tangle is equal to the sum of the squares on the adja- 
I I’lit sides. 


The particular case of this theorem is given. 

Katyayana :—I 
/•: iplanation :—^TT 
nr fpinm—i|goi%5Rq sr^ i 

'I ranslation :—^The cord of the length of the diagonal 
■ I I »'|uarc makes an area of double the size. 
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Th,en the Sutrakaras proceed to give some illustra¬ 
tions of the theorem. 


Baudhayana:—f 
55 ^: I 


t: 


i. e. it states that 

32 + 42 = 52 

122 + 52 = 132 

152 + 82 = 172 
72 + 242 = 252 

122 + 352 = 372 

152 + 362 = 392 


The last is a particular case of 
122 + 52 = 132 

In addition, Apastamba gives one more 

152 + 202 = 252 

which is also a particular case of 

32 + 42 = 52. 


All these cases of right angled triangles are required 
in smasana cit which has for its base an isosceles trape¬ 
zium given below. 

ABCD is an isoseceles trapezium 
with AD and BC as parallel sides. 
AD and BC are 24 and 30 units 
in length X, Y arc the midpoints 
of AD and BC respectively and 
XY = 36 units. Since the trape. 
zium is isosceles XY is perpendi¬ 
cular to AD and BC. AC and BD 
intersect at O. O would obviously 
be on XY such that 



YO _ 15 ^ 5 
XO 12 4 

YO = 20. 


YO_5 

XY~9 


But XY=36. 
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On XY the points P, Qj R are taken such that 
XQ = 35, XP = 5, and XR = 28. Then we get a set of 
right angled triangles. 


( i ) A APX or A DPX with sides 

(ii) AAOXorAPOX with sides 

(iii) a BRY or A CRY with sides 

(iv) A BOY or A COY with sides 

(v) AAQXor aDQX with sides 

(vi) aBXY or aCXY with sides 


( 5,12,13) units 
(12,16, 20) units 
( 8,15,17) units 
(15, 20, 25) units 
(12, 35, 37) units 
(15, 36, 39) units 


Katyayana furnishes us with a few more examples 

(a) i%q^ qi>|tiPft i 

i. e. P + 32 = 10 

(b) fgq?i I 

i. e. 22 + 62 = 40 

Again Bpwiqi =qg3Wmi 

Translation :—A cord of double the length makes four 
squares, a cord of treble length makes nine (squares) and 
a cord four times the length makes sixteen (squares) 

Again Katyayana and Apastamba state 

(a) qi^JWTO 

By a measure of half a length of the cord is made (square)* 
equal to one-fourth (in area) i. e. (J)2 = t 

Apastamba :— 

(b) iRqjften I 

or Katyayana sRWisn: I 
The third part (of the cord) makes (square equal to) 
onc-ninth (in area) i. e. (i)2 = | 

(c) Katyayana=B(g^ 


^MjfLxHxmXcJtlJL ^fftALtiLA. 



28 


ANCIENT INDIAN MATHEMATICS 


Tr.anslation :—The sixteenth part (of the area) is 
made by one-fourth (of the cord), i. e. (J)^ = xV- 


The statements (a), (b) and (c) establish the fact 
that they were fully conversant with the fractions and 
wherever fractions are used in sulvasutras, it will be 
found that fheir noteworthy character is that they appear 
with unit numerator. Next there are given rules for 
^combining the two equal and unequal squares. 

Apastamba :— 

?nTRi: I f 

I 


'Baudhayana qsffq# %•$(- 
Kdtydyana gqra: I qiqismTO gqiq 

£xpianafion qiqrqqpilfl,— 

q;iq fs- 

qTsqNj^giri; 

f^qRi%qr stgini: ' ^ 



For, 


Let ABCD and EFGH be the 
two squares to be combined. 
Let AX be equal to EF. 
Then join DX and the square 

J with the side DX is the 
square equal to the sum of 
* the squares ABCD and 


AX* -1- AD* = DX* 
EF2 + AD2 = DX2. 
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II 

To find the perpendicular bisector 

In order to draw a square i. e. the problem of draw^ 
ing a perpendicular to a given line, various methods have 
been given by Apastamba, Katyayana and Baudhayana 
which are directly based upon the sulva theorem. They 
aflFord the illustrations of the sum of two squares equal to 
a third one, beginning with 32 + 4^ = 5^. These illustra¬ 
tions of the sum of two squares have already been stated 
above. But there is one method which is very ingenious 
and at the same time seems to be the most ancient of all. 
methods given in the sutras and is found in Baudhayana 
only. It is as follows ;— 

^ 13 ^^ riRit 

I 2^51 gqqTcff t|rft4 1 

1^-f.HlTiqi: 51^ I 5n%5^ 

tfw trq q«ai^qgri<ri^ ^r: i 

Translation :—If you wish to draw a square, take the 
cord of the desired length, tie at both ends and mark its 
middle (point) and fix a pole there, and draw the praci 
line (lekha). Having fastened (midpoint of the cord) at 
the pole the two ties (at the ends) describe with the mark 
a circle round it. Then fix the poles at both ends of the 
diameter (formed by the praci line) and fastening one 
tie at the eastern pole (the pole standing at the east end 
of the praci line) describe a circle with the other tie 
(i. e. with the full length of the cord). In the same 
manner a circle is described round the pole at the western 
end (of the praci) and joining the points of intersection 
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of the circles, another diameter of the first circle 
is obtained along this line. (This is the diameter 
along the line due north-south). Fastening both the 
ties at the eastern pole describe a circle round it with the 
mark. The same ( operation ) is to be done in the south, 
the west and the north (i. c. the circles are to be 
described round the other three poles The points of 
intersection of these circles are the four corners of the 
required square. 



Let 21 be the length of the side of the required 
square. Take any point O and with O as centre and I as 
radius describe a circle and take its diameter along the 
praci line, i. e. WE is that diameter, E being the eastern 
point and W the western one. With E and W as centres 
and radius 21 describe circles that will cut each other in P 
and Q. PQ runs along the north south line and obviously 
bisects WE at O. NS is the diameter of the first circle 
running along PQ. With E, N, W, S, as centres and I 
as radius describe four circles. These intersect in points 
A, B, C and D. Then ABCD is the required square. 

The ingenuity of this construction lies in first finding 
the line NS perpendicular to WE. Though ancient in 
its way the method is accurate in its construction and 
show the triumph of mathematical genius. 
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III 


To find the mean proportional 

To find the difference of two squares, and hence to 
derive the mean proportional. 


BaudKayana and Apastamba :— 
or in Katyayana’s words 


Explanatton ffcJWPJra t»^qT5|»ra #Jnwrt 

^ ePTT ^ gjgwlinj^rt 55n^ i 

Translation :—If you wish to deduct one square from 
the other cut off from the larger one a rectangle with the 
side of the smaller one, draw one side of that rectangle 
across to the other side where it touches the other side 
that piece is cut off, by it the deduction is made. 

Let ABCD and EFGH be 
two squares. Cut off 
XB=EF. 

Draw XY ±to AB cutting 
1^ CD in Y. Rotate XY about 
X till it cuts BC in Z such 
J, that XZ=XY 

Then XZ2-XB2 = BZ2 

This proposition is made use of to obtain the mean 
proportional. 
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Baudhayana fc^IT ^ |^r 

I^THT 3^: • 

or in Katyayana’s words 5^=^?^ i%4- 

I 


£jfp/anation:—3T51 3TRiiqi;^l%flt =qg# ^^- 

1 «(t 4 =^§^^(^1? i|g'iiiiii4 

f^5[3^ jRTFik%??j-R»ijq gwnis4 fM sFJra^igvpHi-r 

m SfRct^ I =^5# 


fcRU—wnsq 5<^^'^«^|q^sjnri: tHB ^ anw^:. 

f^ ftqRr"’EW^l^ 5^ ?W- 

^mim 5113 cR^iTRi i^%: “ 1 


Translation:—In order to turn a rectangle into a 
square take the breadth for the side of the square, divide 
the rest of the rectangle into two equal parts and invert¬ 
ing their places join these two parts to two sides of 
the square. Fill the empty space with the added piece ; 
(thus the problem is reduced to the problems of finding 
the difference of two squares and) the deduction of this, 
is given. 


ABCD is a rectangle, AB being, 
the breadth and AD the length. 
N Complete the square ABEF. Bisect 
jj the remaining rectangle FECD by 
LM and keep the part LMCD by 
the side BE so that its new position 
is BGHE. Complete the square (fill 
the square) EHNM. Then from 
G the square AGNL subtract the 
square EHNM. The method of 
obtaining the difference of two squares is already given. 
It is as follows: with F as centre and radius FH cut qflf 
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LN at X (see the above proposition). Then LX is the 
required side of the square equal in area to the rectangle. 

This method of obtaining the mean proportional is 
similar to the modern method. Here LX is the mean 
proportional of AD and AB for 

LX2 = FX2 - LF = AG2 - BG^ 

= (AG + BG) (AG - BG) 

= AD. AB 
If a = AD,6 = AB 

,, a — b a + b 
AL = i + -y- 

DL= BG = EH = 

IV 

To construct an isosceles' trapezium equal in 
area to a square 

Baudhayana — 

Translation :—If you wish to make a trapezium from 
a square, mark the required length (on one side) and 
draw the diagonal and reversing (the triangular piece thus 
cut) join it to the other (side). 

The meaning of it would be quite clear from the 
following figure. 

Let ABCD be a square. Mark 
AX equal to the top of the 
required trapezium. Join CX. 
Remove the triangle CXB and 
place it on AB such that C falls 
on A and CB along AD while X 

I ,_takes the position Y ofi^ C and D. 

> '6 

.1 
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V 

The value of V2 

Baudhayana and Apastamba ^1^- 

Kdtydyana :— 

^ f^: I 

Explanation : —sR®!?—i 
?fW[^ 'p^'hH.' ^^ 

5n^—‘’^3«jk^q 2?^3^5imHI: %5I 3^*1 lf|' 
3T«ik 

^4.twriR^ f^i I , 

Translation:—Increase the measure by its third part 
and this third by its own fourth part less the thirty 
fourth part of that fourth. This is savi&sa (?r^fm'). If 
karani the side of the square be one, dnkaratn the 
measure of the diagonal is given by 

^ 3 ■^3T “ 3-4-34 • 

This value of V 2, when worked out would be found 
to be correct to five places of decimals. The question is. 
how is it arrived at ? The explanation given by Prof. 
Thibaut * as to the probable calculations the sutrakaras 
might have done, fails to satisfy us. 

He thinks that they must have taken squares of sides 

1, 2, 3.etc. upto 20 units and written down the squares 

of the diagonals and compared them with the nearest 
square number. Thibaut thus gives the following table : 


• Asiatic Journal of Bengal vol. XLIV 1875. 
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Side Square of the diagonal Nearest square number. 


1 

2 

12=1 

2 

8 

32=9 

3 

18 

42=16 

4 

32 

62=36 

5 

50 

72=49 

6 

72 

82=64 

7 

98 

102=100 

8 

128 

112=121 

9 

162 

132=169 

10 

200 

142=196 

11 

242 

162=256 

12 

288 

172=289 

13 

338 

182=324 

14 

392 

202=400 

15 

450 

212=441 

16 

512 

232=529 

17 

578 

242=576 

18 

648 

252=625 

19 

722 , 

272=729 

20 

800 

282=784 


“How far” states Prof. Thibaut, “they went in their' 
experiments we are unable to say; the list upto twenty 
suffices for our purpose. The three cases occur in which the 
number expressing the square of the diagonal of a square 
differs only by one from a square number. The cases 
are 8-9, 50-49,288-289 the last case being the most favour¬ 
able as it involves the largest number. The diagonal of 
a square the side of which is equal to 12 is very little 
shorter than 17 (v^289=17)., Would it then not be pos¬ 
sible to reduce 17 in such a way aS to render the square 
of the reduced number equal or almost equal to 288? 
Suppose they drew a square the side of which was 17 
vadas long and divided it into 17 x 17 = 289 small squares. 
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If the sides of the squares could now be shortened by so 
much, so that its area would contain not 289 but 288 such 
small squares, then the measure of the side would be the 
exact measure of the diagonal of a square, the side of 
which is equal to 12 (122+122=288). When the side of 
the square is shortened a little, the consequence is that 
from the sides of the square, a strip is cut off, therefore 
a piece of that length had to be cut off that the area of 
the two strips would be equal to one of the 289 small 
squares. Now as the square is composed of 17 x 17 squares 
one of the two strips cuts off a part of 17 small squares 
and the likewise of 17, both together 34 and since these 
34 cut off pieces are to be equal to one of the squares, the 
length of the piece to be cut off from the side is fixed 
thereby, it must be 34th part of the side of one of the 289 
small squares. 

The thirtyfourth part of the 34 small squares being 
cut off and the area of the large square reduced to 288 
small squares, the two strips which are cut off from the 
sides of the square, let us say the east side and the south 
side, intersect or overlap each other into the smallest 
corner and the consequence is that from the small square 

2 1 

in that corner, not /j are cut off but only ^ 

hence the error in the determination of the value of 

c* • t ♦♦ 

oavisesa. 

In justification of his ingenious interpretation. Prof. 
G. Thibaut quotes an example given by commentators of 
the sutras viz. the square whose side is 12 and the diago¬ 
nal is 16|i. For, 16 = (12 + ^1+ -g- - ^^ 4 -) 
approximately. 

But this example given by commentators of later date 
is indeed the case recommended itself by being first in 
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which the third part of the number, and the fourth part 
of the third part are both whole integral numbers. 

However, this clever and ingenious explanation by 
Thibaut fails to give the reason of the presence of the 
fraction i and which occur as the second and the third 
term. It can no doubt make a suggestion (though not 
plausible) for the presence of the number 34. 

G. R. Kaye states (Indian Mathematics by Kaye) 
that “given scale of measure based upon the change ratio 
3, 4 and 34 (since they had a' scale 34 tilas=l anguli) 
the result is only an expression of direct- measurement.” 
In my opinion Mr. Kaye has put the cart before the 
horse. Even accepting such an erroneous statement, the 
question still remains, why did they choose such a scale 
or what led them to have such a scale of units ? Prof. 
Thibaut observes: “Nothing in the Sutras would justify 
the assumption that they were expert in long culcula> 
tions,” and Kaye conveniently quotes only these words 
of Thibaut to qualify his statement and purposely avoids 
a further statement by Thibaut which is not only an 
answer to Kaye, but Thibaut thereby refutes his own 
statement. For he further says, “As the diagonal of a 
square is in reality an incommensurable quantity we can 
expect an approximate value but their approximation is 
*remarkably closed one” No doubt in Sutras they did not 
try to exhibit their expertness in long calculations, but it 
must be noted that Sulvasutras are not mathematical 
works but works that had their origin in religious duties 
performed and, as such, there was no need of parading 
the above mentioned quality. They gave the value of 
/2 correct to five places of decimals, and in those days 
it was really an uncommon achievement. How did the 
scale 34 tt/a5=l anguli and 12 ahgurts = l prddesa came 

' Italics are mine. 
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into existence ? Out of all the numbers, why the number 
34 was suggested to Baudhayana—the author of the oldest 
Sulvasutra—to define the measure ahguli instead of any 
round figure ? It is in fact, Baudhayana came, in the 
calculations of V 2, across the 34th part of iV that led him 
to introduce this scale of relation. Baudhayana adopted 
the system of units befitting the scientific mind that 
harnesses theory with practice. For instance, why is the 
metric system of units introduced ? Because it facilitates 
calculations in scientific experiments. The same genius that 
introduced the metric system was present in Baudhayana 
when he used the value of v'2 in defining his units and 
their measures. This is therefore the first attempt on 
the part of Baudhayana to make the theory suit the 
practice and full credit must go to him for its priority. 

It appears to my mind that this value of v'2 must 
have been arrived at by the method of approximations 
where the quantities of higher order of smallness are 
neglected or by the method which wrongly goes under 
the name Tannery’s R-process. 

In this connection the reader must first of all note 
down an earlier Sutra. 

i.'Njaf 

Translation :—A cord of the length of one and a half 
purusa makes two and a quarter square purusas. 

This shows that the Sutrakaras knew that the 
area of the square whose side is (1+J) units is 2i square 
units, i. e., 

(1 + iy ^ 21:^2. 

Hence they tried the square of (l+i) 

But (l+i)2 = ^<2 

, 16 2 
2 --^= 9 - 
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So they further took the quantity x, so that 

a+k+xy = ^ + ^ + 

x^’ they omitted as the quantity of higher order of 
smallness. Hence putting 
8x 2 
3 “9’. 

t, 11 

we have = _ 

n/ 2=1+ as the second approximation. 

17 t- /'i . 1 . 1 / 17 289 ^ 

Further (.1 + 3 + j = (tj ) = 144 >2 

^ - _ _L 

144 , 144’ 


So they further took the quantity y (say) such that 

they omitted, and hence putting 

_ J_ behave 
12 144’ 


3-4-34 


v / 2=1 + -3 + 


1 

3-4 


3-4-34 


Or they might have followed another method that consists 
of splitting the quantity under the radical sign into two 
parts—one complete square and the other the remaining 
part, i. e., the method that gives 

b 




+ 6 = A + 


2A 


apptoximately. 


Thus 


^2=^l+i=l+l as the first approximation. 
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But they knew that 

A They tried (l + -i)'= ' 


„ 16 0 1-2 
But -^<2byg- 


4 . (I) 4.1 


■ + ^ 
9 


= 1 + 


3 ^ 3-4 


= 1 + -^ + as the second approxima- 


(#r= 


_ .289 ,, 1 

But < 2 by jg 


^2 - Vlt - 4 - Vm’- 


144 144 


(li) 

-( 1 ) 


\ 12 / 144 

17 1 

12 3.434 


= 1 + -^ + — 3 ^^ as the third appro¬ 


ximation and so on. 
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Had they required the further approximations, they 
would have proceeded in the same manner but they did 
not find it necessary, as this value of “Savisesa,” i. e., 
^2, served their purpose quite all right. 

The second method is but a little variation of the first 
but it must have been this very method by which the 
Sutrakaras obtained the value of v'2 as it is in conformity 
with the word Savi&sa (): 

^ + 5iq 

tlq—means a remainder or any thing left out to be said ; 
—as a prefix to nouns not immediately connected 
with roots expresses negative sense and hence 
means without anything being left out to be 
said, i. e., complete in itself— i. e., a complete 
square; 

^—the prefix attached to nouns means ‘ the same ’—■ 
‘ the celebrated ’—‘ the distinguished.’ 

Hence means the distinguished or the celebrat¬ 
ed complete result. 

^ or or for 

brevity 
Thus in v'2, 

1, are thef^or perfect squares with 1,-|, - ^ 

as the corresponding ^ or remainders. 

For example in ^ 41 i.e. v' 36+5 
36 is fi|^ and 5 is %q. 

Thus it is evident that the process 

[VA^ + b~ (a + ^)] 

must be known, because of its priority, as the Savi^sa 
process and not as Tannery’s R-process. Savi^sa process, 
is at least as old as 750 B. C., and bears a strong testimony 
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that the Hindus had made enormous strides in the science 
of Mathematics in ancient days. 

VI 

Finding the circle equal in area to a given square 
and the converse of it. 

Baudhayana :— 

aw qRt%%a. I 

Apastamba gives the same rule in different words 

viz, 

^3^ 1103^5 

ai i 1 (aH^nP3) 

or Kdtydyana =^3^^ qti3^ T^qi?w 4 a: a?! 

aw ?dt^ qRf^a, • 

Explanation »IWR[— 

q«na: aw—=^3^^^ ^ RlqRjf 
?gtqt: HqRWS JIW Wia. ' a^ *TWT^W a^E^^a 
ai^'nqw^ qp^:—qi^Rl^ arjRcqi q^'^- 

q;q;-3ijaR^rat wqt aw %aw 3?fl^ai^ ai 

awi^ *p>3^ I 

Translation :—If you wish to turn a square into a circle 
stretch a cord of the centre (of the square) towards one 
of the corners, draw it round of a side and describe a circle 
together with the third part of the piece standing over. 

To express it properly :— 
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Let ABCD be a square with centre O. TurnOA till 
it assumes the'position OPl to AB, cutting AB in H. 
Take HK in HP equal to i HP. Then with OK as radius, 
describe a circle which will be equal in area to the square. 

Let us examine the value of tz given by this construc¬ 
tion. Let a be the side of the square. 

Then OA=J the diagonal of the square 
‘ _ av2 _ a 

~ 2 ~ V2 

■■■ = i + 

2 OK = I ( 2 + V 2 ) 

.'. d = -^(2+ V2), where d is the diameter of 

' the circle. 

a 3 
d~ 2+V2 

. 3(2 \/2') 

" d 2 

Now gives 

_a _ s/ IT 

d ~ 2 

••• ^ = I (2- v/2) 

v/tt = 3 [2 - ( 1 + 3 + -^ + 3 ;^ 4 )] 

( " ^2 = 1 + 3 + - 3;4j4) 

, 3x239 

v' IT-12^34 

_ 514089 
“ 166464 
= 3-088 


^MjfLxHxmXcJtlJL 



44 


ANCIENT INDIAN MATHEMATICS 


Curiously enough, when the converse problem has^ 
been stated, the value of tt, when worked out, turns out 
to be exactly the same.. For the converse has been 
stated as:— 

Translation :—If you wish to turn a circle into a square^ 
divide the diameter into eight equal parts, and again one 
of those parts into twenty-nine parts; of these twenty- 
nine parts and the sixth part of the one left part less, 
with the eighth part of the sixth part. 


Thus if a be the side of the square and d be the 
diameter of the circle, 

8 W 6 8:29:6:8] •” 


Here again— 


Trd^ 2 

-^=a^ gives 


f 1 _ i + JL _ _1_ + _JL_ ^ 

2 “ d “ \ 8 ^ 8.29 8.29.6 ^ 8.29.6.8/ 


_ 9785 
5568 
95746225 
- 31002624 
= 3-088 


There is much speculation as to the method Baudha- 
yana might have employed in establishing.the relation (II) 
between a and d. Prof. Thibaut tries to give an explana¬ 
tion that is based upon the work of a commentator of a 
later date (Asiatic Journal of Bengal, 1875). His expla.- 
nation is as follows :— 
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“ Baudhayana assumed a = 24 angulis, ^ = 408 tilas 

<as 34 fiZa5=l anguZt)- Hence half the diagonal of the 
square 


a/2 “ ~ 3 3.4 3 . 4 . 34 ) 

33 

= 16 = 16 angulis and 33 tilas 


a 

a/2 


= 4 angulis and 33 tilas = 169 tilas 


" l(^ - 1) = 


The radius of the circle = a + -^ 


-I) 


= 408 + 561 
= 464 i tilas 


“ In other words if half the side of the square is 408 
tilas long, the length of the radius of the circle amounts 
to 464| tilas. In order to avoid the fraction, both the 
numbers were turned into thirds, the radius made=1393, 
and half the side=1224. Finally, the diameter was taken 
instead of the radius and the whole side of the square 
instead of half the side 


“ To generalise this rule, it was requisite to express 
1224 in terms of 1393. One eighth of 1393 is equal to 
174|, this multiplied by 7 is equal to 121^. Difference 
between 1218^ and 1224 is 5|. Dividing 174 (Baudhayana 
takes 174 instead of 174|, neglecting the fraction as either 
insignificant or more likely as incovenicnt) by 29 we get 
6. Subtracting from 6 its sixth part, we get 5 and adding 
to this the eighth part of this sixth part, we get 5|. 
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In Other words 

1224 = 1393 ( 8 + 829 “ 8291 8":29ll) 

Due allowance is being made for the neglected f 

To my mind it appears that this is not the method 
by which Baudhayana might have arrived at such a 
wonderfully accurate result in consideration of the same 
value of It in both the cases. 

The logical interpretation must have been as follows: 

There is no need to take a square whose side is 24 
angulis. 


For, 


d = I (2 + V2) 

... i = j[2+l+i+^ 

a_ 1224 
d 1393' 


1 1 1393 

3-4-34J “ 1224 


To generalise this rule it was essential to express 
1224 in terms of 1393. So while working it out, Baudha¬ 
yana found the greatest possible integral number that 
would divide both the numerator and the denominator 
giving small remainders. To obtain this number, divide 
1393 by 1224, and the remainder is 169, the possible 
common measure for the two numbers 1393 and 1224. 
1393 is divided by 169, the quotient is 8 and the remain¬ 
der is 41: while if 1224 is divided by 169, the quotient 
is 7 and the remainder is 41. In the first case, to reduce 
the remainder to its lowest value by keeping quotient 8, 
and in the second case to reduce the remainder to its 
lowest value by keeping the quotient 7, the greatest com¬ 
mon measure would be 174, since 174 x 8 = 1392, and 
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thus the remainder left is 1, and 174 x 7 = 1218, and 
leaves the remainder 6. Thus after 169, Baudhayana ihust 
have by turn divided both the numbers by 170, 171,172,; 
173 and 174, and stopped at 174, since it served the re¬ 
quired purpose. This process involves simple division 
and therefore it is easily suggestible. Thus Baudhayana 
obtained the maximum divisor for minimum remainders, 
since the idea was simply to express 1224 in terms of 
1393. Thus— 


a_ 1224 
d ~ 1393 ~ 


m] 


Ls ^ 8-29 J_ r7 1 1 
1 “ L8'''8-29J' 


! + • 


6-8-29 


[^■^ 6 - 8 - 29 ] 


“ ®‘^8-29]^ 


1 +- 


6-8-29 

Now the value of the factor 


■^6-8.29)] 


is ob¬ 


tained by simple division as in 
1 


l+;c 


= l- x + x^-x^ + 


1 + 


1 = 1 - 


6-8-29 


6-8-29 


[ 6 - 8 - 29 ] [ 6 - 8 - 29 ] . 



8-29 ] 


_1_ 

6-8-29 


+ 



higher powers in the second bracket being neglected as 
they are small. 
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d ^ 8^8-29 


>+ i 


6-29-8 ' 8-29-6-8 8-29-6-29-8 
Omitting the last term as it is small, we have 
1 1.1 


-- 1 -- + 
d ^ 8^ 


+ 


8-29 6-29-8 ‘ 8-29-6-8 

So it would be observed that by making use of simple 
division, the Sutrakaras made use of the Binomial theo¬ 
rem with the negative unit index, and they were per¬ 
fectly justified in doing so as the argument x ^ 

as less than unity. Throughout, this process is based upon 
ordinary division and as such it is easily suggestible. 
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BAKSALI MANUSCRIPT 

After the Vedic age, we come to study the mathe¬ 
matics of the premediaeval period. The greatest available 
work in the premediaeval period is the Baksali Manus¬ 
cript. It is quite evident that much of the work in 
Mathematics that kept the continuity between the Vedic 
age the premediaeval and mediaeval periods has been lost 
and hence it goes very difficult to gauge the continuity of 
the progress done. Moreover India being a vast country 
almost a continent, the developments achieved in one part 
of the country reached late to the other part or at times 
did not reach at all. So the Mathematicians at times had 
to proceed to the study from the fundamentals of arith¬ 
metic to the advanced theory and were thus handicapped 
from the start. The means of communications and the 
absence of writing materials then were the greatest 
impediments in the path of the progress of every science 
that developed in Vedic age. It would be observed that 
even the work of the premediaeval period was again lost 
and the Indian Mathematicians of the later age had to 
start again anew. That is exactly what has happened 
from the time of Aryabhatta onwards. The type of con¬ 
tinuity we observe from the times of Aryabhatta I to the 
days of Bhaskaracarya and Narayana cannot, in the 
absence of available manuscripts, be found in the develop¬ 
ments from the Vedic age to the days in which the origi¬ 
nal Baksali Manuscript was composed. But one thing 
is certain that the original Baksali Manuscript shows as 
it were the capstone of the advance of the science of 
4 
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Mathematics from the vedic age upto that period. Then 
came a lull. The old developments were lost or forgotten,, 
or for want of sufficient number of persons who memoris¬ 
ed it, the whole development was buried as it were, and 
a fresh attack on the field of Mathematics began. Of 
course the fundamentals of the science were there but the 
so far highly advanced theory was lost sight of and Arya- 
bhatta, Brahmagupta, Bhaskara, Sridhara, Mahavir, 
and others have rediscovered the more advanced results 
obtained in Baksali. In the Mediaeval age there were 
communications, and however imperfect they may be, 
they helped to keep up the continuity. Unfortunately 
^e Baksali Manuscript does not seem to be known to 
Aryabhatta I and the later Mathematicians of India. 
Whatever knowledge they could get through imperfect 
channels of learning they did make use of. And that is 
why one or two of the problems—only the problems—of 
later Mathematicians bear a similarity to those in 
Baksali Manuscript. They might have been even suggest¬ 
ed to them even independently. On the score of this data 
the foreign scholars like Kaye make misleading statements 
and place the composition of the Baksali Manuscript as 
late as the twelfth century. The circumstancial evidence 
together with the internal evidence makes us reject the 
conclusions drawn by Kaye as would be clearly seen in the 
following pages. Before proceeding with the discussion of 
the date it is desirable to know the history of the Manu¬ 
script copy of Baksali. 

The Bombay Govt. Gazette of 13th August 1881 gives 
the following account. 

“ The remains of a very ancient papyrus manuscript 
have been found near Baksali, the Mardan Tehsil, Pesh- 
war district. On the East side of the Mardan and 
Baksali road are some mounds, believed to be the ruins 
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of a former village, though nothing is known with any 
certainty regarding them, and it was while digging in a 
ruined stone enclosure on one of these mounds that the 
discovery was made. A triangular shaped stone ‘diva’ and 
a soapstone pencil, and a large lotah of black clay, with a 
perforated bottom, were found at the same place. Much 
of the manuscript was destroyed by the ignorant finder in 
taking it up from the spot where it lay between the 
stones ; and the remains are described as being like dry 
tinder, in some of the pages. However, the character 
which somewhat resembles ‘Prakrit’ is clear and it is 
hoped that it may be deciphered when it reaches Lahore, 
whether we understand, it is shortly to be sent,” 

Subsequently, the manuscript was sent to Dr. 
Hoernle the head of the Calcutta schools, for examination 
and publication. Dr. Hoernle published some parts of it 
in the Indian Antiquary pages 33-48 and 275-279 Bombay 
1888-. 

Later on the whole manuscript—as is the late of almost 
every old Indian Manuscript—was taken to England and 
is now the property of the Bodlian Library Oxford. G.R- 
Kaye has edited this Baksali manuscript in three parts, the 
first two parts are published in 1927 and the third part in 
1933 on behalf of the Archaelogical Survey of India, New 
Imperial Series Vol. XLIII. But it would be observed 
that it is full of mistakes and Kaye’s conclusions are 
always misleading. 

The manuscript is written in Sarada characterts on 
leaves of birch bark (birch tree is known as the bhurja 
tree) and consists of some 70 leaves. Unfortunately much 
of it is extremely mutilated but whatever that remains has 
been put in order and translated in English and we 
observe that it throws an amount of light on the develop¬ 
ments in Arithmetic and Algebra. 
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The most noteworthy feature about this manuscript 
is that it is clearly a copy of some old manuscript and the 
original copy must have been composed between 2nd cen¬ 
tury B. C. to the 2nd century A. D. The present find is 
but a copy of the original and the copying seems to have 
been made at about the 8th century A. D. 

Following are the proofs to establish the statement. 

(1) In Recto 1 before the 10th sutra (rule) in the 
Middle of the page is a sentence 

I- 

This is explained on-the second page; while the second 
page of the Copy deals with a different type of example. 

(2) In Recto 3 before the 14th sutra in the middle 
of the page the following sentence is found, 

I. On the page (from which 
it is copied) it is numbered as the XIV formula. Hence 
it is numbered in the copy as well, as the XIV formula, 

(3) Again in Verse 4 in the space between the 
4th and the 5th line is written 

meaning thereby that it is not clear to the 
scribe. 

There are several such statements which show that 
the present has been a copy of an ancient work which also 
must have been written on ‘leaves’ ( q?!). 

The language of the text is written in what is called 
Gatha dialect and is rather an admixture of Sanskrit and 
Prakrit; and from the inscriptions of the Indo—Sythian 
Kings, it seems that this style was in vogue for literary 
purposes, till the end of the 3rd century A. D, So the 
original manuscript must have been written before 300 
A. D., or it might be the still older composition in Sanskrit 
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that has been rendered in Gatha dialect and written in 
the Sarada script from which the present copy has been 
made. That it is a copy of an older work seems to have 
been connived at by, or escaped attention of Kaye and his 
pains therefore regarding the deductions from the state 
of the formats of the present birch bark manuscript arc 
of no use in establishing the date—which he has 
conveniently and cleverly tried to bring some time in the 
12th century by the considerations of ^the nature of the 
formats. 

Another curious character of the manuscript is the 

symbol of operation for subtraction. The modern symbol 

for plus + has been used to denote the negative sign. 

Tu 1 12 7 + I 12 7 . 

Thus j ^ I means -j- = 5. 

The presence of this symbol has been a matter of much 
speculation and conjecture. Thibaut sought to establish 
its connection with the supposed Diophantine negative 
sign /fi (reversed yjr ) tachygraphic abbreviation for \ e 1 < ? 
meaning wanting. Kaye believed it, as he thereby could 
conveniently get one more opportunity to show the influ¬ 
ence of the Mediterranean science over the Indian. But 
the Greek sign for minus in not 4^—. It is rather arrow 
like t . And it cannot be definitely said that Diophatus 
ever used it. * On the suggestion from Prof. 
Thibaut, Dr. Hoernle observes the slight resemblance 
between the two signs but correctly states that ‘ consi¬ 
dering that the Hindus did not ^et their elements of 
Arithmetical science from the Greeks, a native Indian 
origin of the negative sign seems more probable. Also 
the recent researches of Datt and Singh finally esta¬ 
blish that the Indian advance in Mathematics and parti- 


* See Introduction page 7. 
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cularly in Arithmetic was quite original and the Greeks 
are indebted to India for much of the developments in 
this science. As such Thibaut’s contention is quite base¬ 
less and far from facts. Moreover the so called negative 
sign of Diophatus resembles more an arrow t than the 
Baksali cross + in which both the vertical and the 
horizontal lines bisect each other. 

Dr. Hoernle however made a plausible suggestion. 
He opines that ‘ it is the abbreviation (ka) of the word 
* kanita ’ ( ) diminished or it represents the sign nyu 

an abbreviation of nyuna (^) diminished. The letter 
for ka or nyu in the Afoka inscription would very closely 
resemble a cross + '. That it is a tachygraiphic abbre¬ 
viation of some Sanskrit word, is beyond doubt as the 
word yu ( 5 ) is used for yuta ( ga = summation) bha iir 
for bhaga (jfrn = division) etc. But neither the, word 
kanita or nyuna is found in the Baksali text. The cor¬ 
responding word used for subtraction is ksaya ( ) and 

the first word faa (g) in Baksali or Brahmi characters 
differs from the simple cross ( + ) in having a little flou¬ 
rish at the lower end of the vertical line. Dutta rightly 
suggests that for convenience this flourish seems to have 
been dropped. Thus the mark 4- whicl^ is not met in 
any other work on arithmetic from Aryabhatta and 
Brahmagupta onwards [for they use a dot to denote a 

• O * , 

negative sign (4 or 4 = — 4 ) ] definitely shows that it is 
a work of great antiquity at least it cannot be placed 
later than 300 A. D. 

* 

Another point which clarifies the question of date 
is the lavish use of the words dinara and drama occurring 
as the denominations of money, in many examples. The 
way in which these terms have been used, show that the 
dinara and drama formed the legal tender of the day. 
Dinara was a gold coin and drama a silver one. The dinara 
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and drama were current in India in the time of Indo- 
sythian kings who ruled from the first century B. C. to the 
third century A. D., as many of the coins (dinara and 
drama) most numerously found in excavation are those 
of Kaniska and Haviska who reigned in the second 
century A. D. Curiously enough the word dinara occurs 
in Mahavir’s works: in one sum the wages of a coolie 
work upto 18 dinaras a day. On this score Kaye 
opines that it must be a copper coin and it cannot bear 
any relation to the gold dinaras of the time of Indo- 
Sythian Kings. On this score the Baksali has been 
placed in the twelfth century by Kaye. But a little 
thought shows that Kaye’s arguments cannot be held 
true, for, in the first place we cannot place any reliance 
■on the text book wages; secondly in Baksali Manuscript 
( folio 60* ) the day’s wages are given from 1J dinaras to 
3 dinaras, these are not exhorbitant as to be unbelievable 
if we consider that India in those days was the richest 
country possible. If we do not want to accept the second 
contention why can we not believe that for the sake of 
a sum in fractions and the rule of three, such lavish wages 
might have been given as a practice in calculation? 
Hence the argument advanced by Kaye cannot be taken 
as authentic. 

Again the modern method of division which has been 
given by Sridhar, Aryabhatta II and Mahavir is not at 
all found in the Baksali, The text book where every 
operation has been elaborately done, the division also 
would have been shown elaborately. But the absence of 
this method would at least prove that the work cannot 
belong to a later date than Aryabhatfa II (950 A. D.) 
much less to the 12th century. 


* In this example two, three are the wages of princes or vassals 
who attended a sovereign king and not of a coolie. 
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Again in the text itself there is no example, neither 
a sutra nor an allusion to the operation of the cube root. 
Tht^description of the operation of the cube root is found- 
in ‘Aryabhatfiya’ by Aryabhatta who lived in the 5th and 
6 th century. So if the Baksali manuscript is written ia 
the 12th century as Kaye believes, the manuscript that 
contains almost a variety of problems on Algebra and 
Arithmetic, ought to deal with a problem on cube-root. 

Another argument of Kaye which he makes much of, 
is the following. ‘‘There are other indications rather 
than evidence of the age of this work in the material of 
the text. The occurrence of the square-root rule would 
not be an anachronism if it were found in any Indian text 
book—from the time of Aryabhatta onwards—but it 

occurs in no other Indian text until very late indeed.it 

appears in the Baksali Manuscript and is probably due 
to direct western influence, probably to Muslim influ¬ 
ence.” Kaye further adds with a pretension of impartiality, 
that “such evidence is valueless to the inexpert; it can 
only carry weight with those who have every knowledge 
of the Mathematical field of the period 


Kaye thereby wants to suggest that the above rule 
was invented at a later date by the westerners and 
through them or through the Muslims the Indians copied 
it. This square—root rule according to Kaye was not 
even noticed by the Hindus until the 16th century, (see 
Kaye’s B. MSS page 31). But it would be seen that the 
whole argument of Kaye toples down like a house of 
cards when we observe that this square-root rule was 
known to the Indians at least in 750 B. C. if not earlier 
and the composers of the Sulva-Sutras have made a free 


use of the rule 


v' A2 + 6 = A + 


b 

2A 


approximately in obtaining the value of Savisesa i. e. v'2 


^MjfLxHxmXcJtlJL 




BAKSALI MANUSCRIPT 


57 


(see the chapter III pages 39 and 40). In the face of it 
Kaye’s arguments appear to be baseless and absolutely 
ridiculous. There is no wonder that the rule which was- 
first given before 750 B. C. should be so extensively used 
and be further developed with the application of con¬ 
tinued fractions in Baksali Manuscript. 

In the text proper there, are many examples which 
contain references to God Siva or Sulin, God Vasudev^ 
Sita, Ravana, Satrudama (Satrughna), Partha or Arjuna» 
Udhisthir, Suras, Asuras etc. but they do not help us to- 
fix the date of the work as these Gods or the personages 
are the heroes of Indian Mythology. 

Regarding these non-mathematical elements Kaye has 
tried to make much of, in bringing the date of the work 
to a later period. For instance he gives the reference to 
folio 50 on which appears the following : 

.3^ 

^”3 fdgfn I 
I 

.’rfel * 

“From this it appears that the section of the text is written 
by a Brahmin the son of Chhajaka, possibly this 

name is Sajjka (^rsra) which occurs several times in 
Rajatarangini. Sajjaka was the Superintendent of the Seda 
office in Kalhana’s time (XII century)’’. After connecting 
Chhajaka with Sajjaka (mark the difference between the 
names) Kaye himself adds that there is no justification 
for connecting this individual with the author of our text. 

After piling up such ridiculous data he goes on to- 
establish the date of the composition to the 12th century. 
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There are a number of such instances and it is not 
worthwhile to enumerate them and refute them as they 
are quite illogical. Almost all the western scholars like 
Kaye have started their researches with a view to establish 
a certain statement, convenient to prove their superiority 
in each and every branch of knowledge, and not with a 
pious impartial desire to know the facts, as such their 
arguments cannot be held authentic. 

Hence taking into consideration the language, the 
Teferences to the coins dinara and dramma, the symbol + 
for the negative sign, absence of the method for finding 
the cube-root together with the internal evidence we can 
legitimately place the work in a period extending from 
200 B. C. to 200 A. D. 

Having established the point regarding the date let 
us enumerate the important additions Baksali Manus¬ 
cript has made to the development of Mathematics upto 
the 2nd century A. D. 

The work contains a variety of problems. It deals 
with 

(1) Examples of the rule of three and profit and 

loss. 

(2) Examples on computation of gold. 

(3) Solutions of linear equations with as many as 

five unknowns. 

(4) The solution of the quadratic equation. 

(5) The square-root approximations. 

(6) The arithmetic progressions. 

(7) The compound series. 

(8) Quadratic indeterminate equations. 
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1 The rule of three 


(Recto 61) 

The first three lines deal with an example on verso 
.60 carried overleaf. After this follows :— 


til 3^. II . 

*(^t) ^5igfr %fwn% 35J|5 ii^I ... 

K^rl^R i ... fi^i ^ n®r- 

%ir II.II 3 II ^tIrIO II I 3i?5E5?r =ai I 

.2 I 3 I 


55 


1 

13 

30 

-S.(65)* 

1 

6 

1 


1 

3 

30 

45 

1 

2 

1 



55 iiEw^Rsn. 


The letters or figures marked with ( )* are supplied as 

they are evident and wherever there are dots. that 

portion is mutilated. 


This example* is as follows: Two princes await 
upon a king (or they are the page boys of a king). For 
his services, one gets 2§- a day and the other 1|. The 
first has to give to the second 10. Calculate and tell me 
when they will have equal amount. 


f This example has been given by Hoernie in the Indian Anti¬ 
quary Bombay 1888 page 44. Look at his rendering. 

"Two Rajputs are the servants of a king. etc." Note 

down the difference between the words Rajputra and Rajputa. 
There is a world of difference between the two words. Rajputra 
means a prince and Rajputa is a resident of Rajputana. Depending 
upon this mistake, Kaye in his work on Bak^li already referred to 
P. 19 line 40, tells that "Rajputs are described as servants of a 
king". Depending upon such foolish mistake, Kaye wants to suggest 
that in the 12th century Rajputs might be servants of a Mohommedan 
kings, and places the work in that century. The connection of Raj- 
pntra and Rajputa is as ridiculous as that of Chhajaka and Sajjaka 
referred to on P. 57, 
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The working of the example is quite clear. 

The first gets -V- dinaras. 

The second gets 5 dinaras. 

Consider the denominators 6 and 2 together with 
the number 10 the first has to give to the other. 

So the L. C. M. of 2. 6,10 is 30. 

So the 30 days is the answer. Then follows the 
verification. 

By the rule of three 



day 

days 

dina. 

Dinaras. 

For 

1 

30 :: 

IS 

= 65 


day 

days 

dina. 

Dinaras 

For 

1 : 
65 

30 

- 10 = 55 

s 

■= 45 


45 + 10 = 55 

First has 55. The second has 55. Thus they have 
equal quantities. 

(Verso 61) *1154 ^4 I 

(«5l^ )* gvi^f!5I ^ fljR II 
ga[I. II 1^1^: I 

(ifHl ii 

I 7 [6 [ 18 1 55m I I —I— 

I 2 ! 3 I 1 1 1 


(Recto 62) 


31%^ snciqi..sM 'siRi i ... . 

q II I f%q. 


i2 7 (24)* 

ill 


84 II 3^531 I%3f3 I I qq 

5«I% fiqi I%q, 161 3 |84( 


155q, 24 I qicJRlvm 18 xrq^srq: ( 54) 


or means capital. 
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Translation of the sutra:—Divide the (rate-of) purchase 
by the (rate-of) sale. Subtract one, again divide one (by 
the result obtained) and multiply by the profit and it 
becomes the capital. 

i. e. if p is the rate of purchase 
and if r is the rate of sale 

P is the profit the rule states that the capital 
C is given by 



The example that follows illustrates this rule. 
Example given is as follows: One buys 7 for two and 
sells 6 for 3. If 18 is the profit what is the capital ? 

The solution with the help of the rule is given by 



though this part is mutilated. 

Then follows the verification. By the rule of three 
For 2, the number bought is 7 
For 24, „ ..84 


For 6 are sold. 3 

For 84 . 42 


42 — 24 = 18 is the profit 
Recto 62 (i 

Then follows an example which is carried overleaf to 
Verso 62. This rule is for obtaining the profit. It states 

p = c(f-i ) 
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First part contains the example carried overleaf from 
Recto 62. Then is given the rule 

(Verso 62) i 

II 

This rule is another form of the two rules stated' 
above viz. 

Y ^ = C ( C + P) is called the mixed 

(-) 

\r J quantity. 

First part contains the example carried overleaf from 
62 Verso. Then is given the sutra viz. 

(Recto 63) fq^irRsq g(3ta I 


If L is the loss the rule states 



Thus in the examples on profit and loss the different 
sutras are given. They are in fact the various forms of 
one and the same equation, viz. 



r r 


according as it is profit or loss. 

On each rule two examples have been added which 
show that at the time of the Baiksali composition, the 
variety of problems on profit and loss were tackled with 
ease and accuracy. 
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II Examples on computation of gold 

(Verso 16) It begins with a sutra: 

. > 

^ 11 g: II n 

f| T% =lg:)* mm 15 gg: gw 

.g|gT gggprrcnn ' ' Wl 

...+ |2 + |3 + |4 + | ^ 1 ^FPRTI^ 

12 13 14 I g^ojT 5iTgt( I(4i9ll6i 

.^ IW 31 ^ 1 30 1 ^^Tgt% 1101 ar^gg^cjT 

I 3 )* 

This is but an example on averages. The rule gives that 

if Xi, X 2 , X 3 .are the quantities of ksaya (i. e. impurity> 

in the pieces of gold weighing u>i, Wj, .then the 

average impurity ~x (i. e. the impurity in the mixture) is 
given by 

- _ IPi ATi + M ^2 -^2 + ^3 +. 

Wi + W 2 + W 3 + . 

In the given example 

a:i = 1, 3:2 = 2, 3:3 = 3, 3:4 = 4 

and wi = 1 , m '2 =2 , u's = 3 , W 4 = 4 

, _ 1 + 4 + 9 + 16 30 

then =>:-1 + 2 + 3 + 4 lO”^- 

There are two more sutras given, which are but the differ¬ 
ent forms of one and the same sutra given above. Each 
sutra follows with an example to illustrate the use. 

Ill Linear equations 

( Recto 1) After some sutras, follows : l| 35[i. 11 wqf 
qroping^ fes 1 grSlg^ .... 

5g. 1 qrww gr ()* 
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< Verso 1) ... I I I I 

. ^JFcrai I 

5fRii il20|90|80|75 |72|cia^faT3nciiii 120i0 
60i60l60l60160|^grrar437af# ?r... 

.>rsra,377iT5rqi«t^^ i 

(160 )* I ( 9018)* 01 75172 I 
317 a«wi^ aT|ra|gqL377 (5i«rn )* 5^- 

347 > 301.5^ 

377 trcr fgdtwr ¥fqf% 1 
()* ^ 357 qi^ 120 Itrq ^ 377 

irq I asm igsTm * (362 

^ q^n 15 trqgg 377 )* 



Then follows another example which is carried overleaf. 
The statement of the example is mutilated but the proofs 
given help us to know the wording. It is as follows:— 


Five merchants together, want to buy a jewel. Half 
the capital of the first together with those of the others, 
one-third of the capital of the second together with those 
of the others, one-fourth of the capital of the third toge¬ 
ther with those of the others, one-fifth of the capital of 
the fourth together with those of the other, one-sixth of 
the capital of the fifth together with those of others is 
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the price of the jewel, find the price of the jewel and the 
capital of each merchant. 

Let Xi, X 2 , X 3 , Xi, and Xs be the capitals of each mer¬ 
chant, respectively and p the price of the jewel. Then 

^ + X 2 + X 3 + Xi + Xs = p 
Xi + X 3 + x^ + Xs== P 

+ 3:2 + Xi + Xs = p I-. (A) 

+ ^2 + -^3 + "5 + ^5 = P 

X 2 + X 2 + X 3 + Xi +-^ = p 

These equations give 

3:1 2 3 _ 4 5 

2 ” 2 "^2 ^ ^ ^3 2 ^4 ^ ^ S3y. 

377 

.•. The equations (A) become q == p. 

Then it would be observed that the integral value 
was required. So we find that q is taken equal to 60, and 
we get p — 377. Even if we take q equal to any multiple 
of 60 a number of answers are obtained. This is in fact, 
the origin of the indeterminate equations of the first 

ccx 

order which are of the type -= y and that is why 

this particular type of theory developed a great deal and 
was later on perfected by Bbaskaracarya in the 13th 
century 400 years before it was discovered in Europe. 

Kaye’s rendering of this example is quite wrong. He says that 
the example appears to have been somewhat as follows; Combined 
capitals of five merchants less half that of the first, one third 
that of the second, one fourth that of the third, one fifth that 
of the fourth, or sixth that of the fifth is the price of the jewel. Find 
the cost of the jewel and the capital of each merchant, ( See page 168 
of his B. MSS. part III). 
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Having taken p = 377, the values of Xi, Xj, Xi^, x^ 
are 120, 90, 80, 75 and 72 respectively. 

The verification of the example is given on Recto 2 as 
well. 

(Verso 3) .. .^ ... 

^ 'KWH 1g #]gn en snf^Rt t 
...^ ^i t 73?)9f!i l IO 35 1 

^TOisrai 321 ... ftos 17 I 9110 1 ^ 3 

‘ |4l6i7l (^:)* gfSlt ^Riq- 

116811681168 1 ^ .1168 16811681 

14 6 17 1 

55s 4 «42 1 28 1 24i tr^ il#fi gfultf'sHdTR 

®r%: 1^1: 3t«l: 1294 l252 1 240 1 iri;E.5031 

12621262 1 262 1 ir^ grnwjncd 

The general meaning of the words Asva and 
Haya ( 52 ^) is a horse. Horses are said to have seven 
breeds. For 

Thus haya and asva are two different breeds of the horse. 
So there is no repetition as Kaye takes it to be. Dr. 
Hocrnle takes the meaning of haya as ‘ yak ’ which has no 
basis whatsoever. 

The example can be constructed from the mutilated 
sheet as follows:—One possesses 7 asvas, the second 9 
hayas and the third 10 camels. Each gives two animals 
one, to each of the others. Find the price of each kind 
of animal or the property of each. 

If Xi, x-i, x^, arc the prices of each of asva, haya and 
camel respectively, then 

5a^i “b x^ *b x^ — p 
Xi + 1X2 + .*3 = P 
•Pi + X2 +83^3 = p 
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Whence subtracting one from the other we get 
Ax-i = 6 x 2 = 7x2 

iNow 4x6x7 = 168 is taken as the L. C. M. 

Xi = 42, X 2 = 28, X 3 = 24. 

Their respective possessions amount to 
42 X 7 = 294, 28 X 9 = 252, 10 x 24 = 240. 

Hence it would be observed that without the value 
•of p, they used to solve their problems of simultaneous 
equations in such a way that the answers are complete 
integers. If we take any multiple of 168, we would have 
another set of answers. The L. C. M. 84 would have given 
another set of answers. 

From the fragments of verso 39 recto 39 and verso 40 it 
would be seen that one example illustrated the use of the 
•equations 

X (.a: + y + z) = 60 
y ix + y + z) =75 
z ix + y + z) =90. 

The values of x, y, z, are 4, 5, and 6 respectively. 

( IV. V. VI. ) 

There are a number of examples which 'at one and 
the same time involve the theory of arithmetic progres¬ 
sions, the solution of the quadratic equation and the 
method of extracting the square-root with approxi¬ 
mations, Hence the illustrations of such examples would 
be under the same head. 

Here is a problem on arithmetic progression. 

( Recto 9 ) . I .^.II II 

.WH is I . 

...^ ^J?, 


m. 1 

3 . 11 'll. 0 ] 

«!5ql0| 

II 55^4%i^df^ 

1 

1 11 1 

1 1 

1^41 lOi i|jp i20) ?itn|[qf 
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.I 11 1 ^ »PFc5iT .- 

sBij. 19 3R s«mis'ni I . 

.an. 1 g. Ij's. 19|^^r*R:^'n^'l» 

anf^ means the first term. 

means the common difference. 

The example seems to be like this: Find the value 
of n the number of terms of an A. P. whose first term is^ 
1 and the common difference is also 1 if the sum is lOn, 
It states 

lOn = [(n — 1) +lj n n = 19. 

The method given in the text is this: Multiply 10 
by 2 .and subtract double the first term and then add one 
i. e. [(10 X 2-2)+ 1] =19. 

(Verso?) . 

...sr^F^ an. 3 g. 4 01 ? | an^ 

111] l| 

131 171 141 grRi^ 

i4iaT .Mnn 4 gtinn.i2i5554n^t[^fnn^ 

2 

13 I . 3 g. 4 1 q. 3 

1 ij 1 

^ I 21 II 

After this the method is verified by the rule of three. 

If a = 3, d the common difference = 4, obtain the 
value of n the number of terms if the sum is 7n. 

7n = [(n - 1) I +3] n 
.’. n = 3 the sum is 21. 


Thence comes the deduction from the formula 
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From this rule the value of n is obtained and though 
the rule seems to be mutilated, its use in the text is 
extensive. From it the value of n is given as 

_\f (2a — dy + 8 ds — (2a —d) 

2 d 

It would be observed that this is nothing but the 
solution of the quadratic equation in n given by 

5 = n (n-1) ^ J 

i. e. dn^ + (2a — d) n - 25 = 0 

-(2a-d) ± \/(2a - dy + 8ds 
" ” “ 2d 

The negative sign for the radical is omitted: and 
hence the value of n is given. The use of this sutra can 
be seen from the following example. 


(Verso 65) 




3TT. 1 
1 


I aiOTH. > 4801 


SrRt ... ^ f|g«WTR I 31lf^(^g«l I 2 I ^ 

111 ^... 

.' 48]j 

• •• 


882 

40 

42 


fig i40i 


21 

40 

142 


922 

42 


II 

. ^ . 


I 

. ... 880 


It will be observed the whole example is mutilated, 
but by looking to the method in which it is worked out, 
we can supply the data. Hear 

a = 1, d = 1 and 5 = 60, 

. ^ (2a - dy + 8ds - (2a - d) 

2 d 

1 + 480 - 1 _ 'V^lSr-l 


gives 
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In order to find the square^root of 481 the rule that 
has been used is 

\/A^TT= a + ^ 

approximately, the method that has been used by the 
composers of the SulvasOtras. 

\/m = \/441 + 40 

40 40 

= 21 + approximation.. 


But 



882 + 40 922 

42 ~ 42 * 


This seems to be the result. Kaye has tried to obtain 
the second approximation by the same rule and the con¬ 
nection he has shown of this and the Recto 56 is worth 
noting. 

(Verso 57) . ^ . 

sawir 40 =q qr. 

.I 41 1 6 

5 

61 

1%? SK^*n %lT^l fi. 

.^ ci% 31^ . 

...... ^ 6 6 ^ 

5 5 25 

12 12 12 144 

5 11833 f I. 184 

8 1848 11848 

(Recto 57) . I 1 I TTisr fRtl tft^ gtRIT [ 9985 

11848 

.2 ai^ii w 

( 9)* 985 TTg II.II ai^a. 

(36)* 96 ^^11 f^qr W'af 3qr%. 

It seems that the page in the text was kept reverse 
and therefore the example from Verso 57 is completed ort 
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the Recto 57. Kaye has restored the example correctly. 
He gives the example as a = 1, d = 1, s = 5. Hence the 
value of n is given by the equation. , 


'^(2a-d)2 + 8ds-(2a-d) 

, .1 - —- 


2d 


v/ 41 - 1 


Again to obtain the -J 41 the rule’for approximation. 


viz. V + 6 = A + approximately has 

__ _ g g 

been made use of. 41 = ^36 + 5 = 6 + = 6-j^ 

The second approximation is given by 
v/4r= v'36T5 


:6 + ' 


12 + 


12+1 


= 6 + 


12 + 


149 


== 6 + 


745 

1848 


11088 +745 
T848 
_ 11833 
~ 1848 


And 


11833 

1848 


is the very fraction given in the text. 
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n = (V41-1) 

^ 1 /11833 ^ \ 
2 V 1848 ) 


I \1848. 
9985 
3696' 


The second approximation that is given above, is 
based upon the same rule. Thus 

V/A^ + = A+ — as the first approximation 


and s/A^ + b = A+- 


4A2fe + 
8A^+4Ab 




is taken as the second approximation though it should be 
known as the third approximation. Here the second 
approximation ought to be given by 

VA2 + 6 = A + = A+ 


But the application of the very rule for the second 
time, gave a greater degree of accuracy. Also note down 
the use of continued fractions. This is a noteworthy 
development. The author would have applied the 
method again and again but as it illustrates the very rule, 
it was not necessary. 


The Compound Series 

Besides the series in A, P., there are compound series 
as well. Though the leaf on which these series occur, are 
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broken into two, still from scraps, the data can be collected 
and the example can be restored. 

First part of the scrap deals with an example carried 
overleaf. Then follows the example:—■ 

(Recto 51) ^%;prrgn 5 ^: I <^1—' 

aiH awR sjJi 11 

There are other small scraps but it seems that they fail 
to give any working of the example. The example can 
be formed inspite of the lost parts. 

“ A certain king gives 57 dinaras (say) to five wise 
men. First of all he gives a certain amount to the first 
man and subsequently, each time doubles the amount he 
gives to the previous one. On seeing that he has left 
with him, some more dinaras, he gives to the first, what¬ 
ever he gave to the first four on the previous occasion, 
to the second, whatever he gave to the first three, to the 
third, whatever he gave to the first two, and to the fourth, 
whatever he gave to the first previously and to the fifth 
he could not give anything, as he had exhausted all the 
57 dinaras. Find what the first got and the others”. 


The working of the example in the Baksali fashion 
is as follows:— 


1 

2 

3 

4 

5 

X 

2 x 

4x 

8 x 

16x 


15x 

7x 

3x 

X 

i 

1 

1 0 

51 

16x 1 

9x 1 

lx 

\ 9x 

! 16x 

1 51 x Total 


51X =51 x = l. 
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This represents the series 

Mj + 2 Mi 2 ?Ui + 2 ^Ui + 2 *Ui \ _ cy 

+ [ S4 + S3 + S2 + Sj ] j 

where S, denotes the sum of the series 

Uj + 2 m, + 2 hci + 2 hii + 2 *u, to r terms 
where r = 1 , 2, 3, 4 
Their respective gifts are 16,9, 7, 9,16. 

(Verso 51) 1 27 » 81 1 ^ 

^»l87 

^ 24(2)*' 

... I gw U .I 9 I 27 I 8 1 I 2 I ai% 

1 2 1 It jjsppcjj U I 2 1 6 118 I 54 1 162 
2 15 148 147 j 444 I iwh: 
1 2 I 2 2 1 21[ 

Then follows another example. 

This too, is the illustration of the compound series. 
Though much of it is lost, still from whatever figures we 
get, we can be definite about the result obtained. It is 
something like this : ' 

M, + 3«, -h 32«i + 33u, + 3%i 1 
+ |[S, + S 2 + S3 + S4] / 

now f [ S, + Sj + S 3 + $4 ] = 87 is given where 
S, is the sum of the r terms of the series 

u, + 3 mi + yui +3^1 +. 

which we denote by u, + M 2 + U 3 + U 4 +. 

1 + 3 + 9 + 29 + 81 == 121 
329 - 87 = 242 
242 

and since =2 .'. m, = 2 

Then S 4 = 2 ,S 2 = 2 + 6 ,S 3 = 2 + 6 + 18 = 26- 
and S 4 = 2 + 6 + 18 + 54 = 80 

Ut — 2 
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“2 + xSi 


4-3 _L5 

° + 2 2 


,3„ 48 

% + 4 Sa = 18 + =-2 

^ 3 „ e. , 39 147 

“4 + T^S = 54 + -»-= 


^4 + -r 2 2 

4.3q 1A9.120 444 

Ms + ^§3 — 162 A —2~= 

These are the very figures seen on the scraps and hence 
we conclude that the compound series have been effici¬ 
ently solved. 


S3==162+i^= 


The Indeterminate Equations 


(Recto 59) .3^ « -3- 

^ 3??:— 0 Sq.n, 0 giO 7 + q;.0 

11111 

.12 i gi 

.3Ji^l6ifg^tniT(l4i?^55i^i2|epfqLl4ifT^g^ 

^«n |7+13#f 5^ 1111ii 
. 1135^4 11 7 + j^2 

111 11 1 so¬ 
il . 

The example is as follows:—Find the number sucb 
that when 5 is added to it or 7 is subtracted, the results 
ate complete squares. 

If X is that number, we have to solve 
2 :* + 5 = 

-7 = b2. 

12 

The steps are quite clear. 5+7=12. -2 = 6 
6-2=4. 1 = 2. 22=4. 4+7=11. 
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A x=ll for 11+5 = 16=42 and 11-7=4=22. 
Unfortunately the general rule of solving such types of 
examples is not preserved. 

It is not possible to deal with all the examples given 
in the Baksali Manuscript with the probable explana¬ 
tions though it would be interesting to do so, as many of 
the examples can be supplied from the fragmentary data. 
With the help of the facsimiles of the Manuscript 
published by the Archaeological Department, Government 
of India and edited by Kaye, an attempt has been made 
above, to bring out the developments in Mathematics 
during the time of the original composition of the Baksali 
Manuscript i. e. from 2nd century B. C. to the end of 
the 2nd century A. D. By printing the facsimiles of 
the text Kaye has rendered a service to the cause of 
Tesearch but his conclusions have been always found to be 
far from the truth. 

If we are to tabulate the developments in Mathematics 
in India upto the end of the 2nd century, we will have to 
note the following ;— 

(1) The free use of the rule of three. 

If the Mathematics of the Vedic age was con¬ 
cerned with the religious and the astronomical 
purposes, the Mathematics of this period 
became more practical and was used in the 
daily workings of the society, as is evident from 
the rules and the examples on profit and loss, 
on computation of gold, on wages of the 
servants, on alms to the poor &c. &c. 

(2) The rule for finding the square-root of any 
number to any degree of approximations. 

If the Sutrakaras have applied the rule of 
approximations to find the value of a/2, they 
called ‘ Savisesa ’, at the time of the Baksali 


^MjfLxHxmXcJtlJL 



BAKSALI MANUSCRIPT 


77 


composition the rule was made more elaborate 
and was utilised to obtain the square root o£ 
any number to any degree of accuracy by 
taking approximations in succession. In this 
as has been pointed out, the approach to the. 
use of continued fractions was made. 

(3) The solution of the quadratic equations. Upto 
that time it was a development of remarkable 
quality. The extensive use of it shows that 
its solution must be even older than the actual 
composition of the Baksali. 

(4) The theory of Arithmetic progressions together 
with that of the compound series marks a 
high degree of progress from the time of the 
Vedic age. 

(5) It marks the beginning of the solution of the 
indeterminate equation of the first degree and 
of the second degree. Though the example 
on the indeterminate equation of the second 
degree is quite simple, still it marks a new era 
in that field, at the same time it acquaints us 
with the trend of the mind of the Hindu 
Mathematician. 

Unfortunately all these developments were lost to the 
later Mathematicians and as has been pointed out, the 
Mathematicians from Aryabhatta I onwards, had to start 
the study of Mathematics again and once more sow the 
seeds. It might be due to the imperfect channels of com¬ 
munications and the vastness of the country, and the want 
of people to memorise the brilliant results and understand 
them (for in comparison they must have found Nyaya 
Mimamsa and the other Sastras easily digestible) still the 
fact remains that generations after generations lost touch 
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with the exceptional achievements of the past and what- 
■ever was of practical use, remained in the daily affairs of 
men. From such a deep and dire degeneration there 
arose again a galaxy of Mathematicians headed by Arya- , 
■bhatta I and once more the tide turned. From Arya- 
bhatta I onwards, we find a train of Mathematicians 
whose works were not only preserved but were studied 
for generations together to the end of the 16th century. 
Had there been a connecting link in the Vedic age 
Baksali period and the mediaeval time, the Indian 
Mathematicians would have led the whole world in the 
field of Mathematics perhaps to this day. 
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MATHEMATICS OF THE MEDIEVAL AGE. 
Section I 

Aryabhatta I 

From Aryabhatta I begins the revival of the science 
of Mathematics in India. Old developments of the vedic 
age or the Baksali period were in essence buried as it 
were through want of communications and the absence 
of writing material, but whatever practical Mathematics 
was there, remained in vogue, as it helped the people in 
their daily affairs. It was Aryabhatta who stands as the 
pioneer of this revival. His fame rests on a work entitled 
Aryabhatiya" in which only one chapter deals with 
Mathematics, the other four being devoted to Astronomy. 
This chapter contains only thirty three stanzas and from 
the nature of the results derived, it is evident that he 
must have worked a lot to arrive at them, as almost all 
•are the finished products—i. e. in the form of formulas. 
The idea of putting everything in the verse form, must 
have presented a strong difficulty to him and therefore 
the voluminous work done by him has been made as 
compact as possible. In such a small chapter he deals 
with Arithmetic, Algebra and Geometry. Here are some 
tof the most important results given by him. 

(1) Area of a Triangle 

Geometry 

This gives the formula for the area of any triangle. 
Cajori says, " Aryabhatfa gives the area of a triangle that 
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is true for only an isosceles triangle”. This is an erro¬ 
neous statement, either Cajori is misinformed or if he has 
translated this line his translation is wrong. Just read 
the explanation of this line. 

Explanation qn ^ ». 

The word gjj means eqiial as well as common. The latter 
meaning of the word must be taken here. If ABC is a 


A 



triangle and AN is perpendicular to BC. Then AN is 
called “koti” (e^) or the altitude of the triangle. By 
drawing this altitude the triangle is divided into two 
triangles having the common (?fq) altitude, BC is the 
base or “bhuja” is half the base, 

means the common altitude, ijqif means the multipli¬ 
cation. Hence the area of a triangle is one half the base 
into altitude (common to the two triangles). The mean¬ 
ing of is not the altitude of two equal triangles. 

Such mistakes are often made by Western scholars: they 
are alien to the language and so cannot understand diffe¬ 
rent shades of meaning or it might be that they get these 
works translated for them by local Pundits, that know 
little of Mathematics. It would be observed that Cole- 
brooke has translated as needle and as neat. No 
doubt ^ means a needle and means neat. But 
they forget the fact that words can have other meanings 
too. ^ means a cone or a pyramid and means correct. 
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(as opposed to approximate). But such are his render¬ 
ings of these words when Colebrooke translates the 44th 
verse on volumes given by Brahmagupta. Such instances 
can be piled up in numbers. So we cannot but conclude 
that the Westerners, because they are foreign to the 
Sanskrit language, are incapable of giving correct render¬ 
ing ; and hence such ridiculous mistakes prop up. 

(2) The Similar Triangles 

Here is an illustration of the theorem on similarity 
of triangles—i. e. the corresponding sides of similar 
triangles are proportional. 

Explanation Jfsn—(lamp-post) I ?pft: 

I ^ 5ij3pr- 

I 

^ I 

The verse gives us the length 
of the shadow CQ of the pole 
PQ. Here AB is the lamp-post 
or 3jgn. BQ is the distance 
c between the lamp-post and the 
pole PQ, i. e. Then the 

• fee 
a — b 

X c 

1 . e. 7-=-r 

b a — b 

which is the property of similar triangles. 

6 



shadow is given by 
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Mahavir gives two forms of this equation in his work 
on shadows of gnomon. 

?(rfi?n%Rn i 

+(^l<=IKNf<?, 

.ox _ >!L 

Here is a formula that seems to be the deduction 
from the theorem;: “ rectangles contained by the seg¬ 
ments of chords of a circle are equal”. 

1% m^EigSj i 

^rrra 5 r1 'tofri: h 



If two circles ACP and BPD intersect the part BC is 
called Jirg. BN is the (arrow) of the arc PBQ and NC 
is the 5?K (arrow) of the arc PCQ 

Let AC=2a, BD=2^), BN=w, CN = t) .'. BC = u + v 
is the qi?!. Then the above formula states that 

[ 2a — (u + u) ] V = [ 26 — (w + tj) ] u. 
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It will be observed that the arrow of any arc of a 
circle whose radius is taken as unity is the versine of half 
the angle subtended by that arc at its centre. 


CN = OC - ON = OC - OP cos B 
= OC — OC cos5 
= OC (1 — cos 9 ) 

= OC versin 9 

— versing.if OC = 1 

The values of versines were often 
required in Astronomy. Hence the 
above formula has been obtained. Moreover the equation 




In other words 


[ 2a — ( u + v) ] t’ = [ — (m + u) ] u 

gives (2a — x?) v = (2b — m) u. 

From the above figure we see that 
this equation gives 

AN. CN = DN.BN 
and each of the members is equal 
to PN2. 

Thus Aryabhatta knew the theorem 
i. c. AN. CN = PN2 


PN2 .,, PN2 AN 
CN ~ 2CN “ 2 


AN 

If PN = y. CN = a; then ^ 

the very formula Newton made use of, to obtain the value 
of p the radius of curvature at the origin. It would be 
observed that this very theorem has been given rather 
elaborately by Brahmagupta. He states it as 

5RqT: in# JiraFilrw <i?j: u 

Brahmagupta siddhanta. 
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(4) The Value of tt 

The value of ir given by Aryabhatfa is correct to 
four places of decimals. He states it thus; 

i 

anja means 10000 

3Tra?l means approximate 

qRoiTf means circumference 

means diameter. 

^ 62832 01^1^ 

It states TT = 20TO0" ~ 

Mark the word arpERl which means approximate. So 
Aryabhatfa knew that this value of it too, (which is 
correct to four places of decimals) is approximate. This 
shows that he expected his successors to try to obtain 
still more accurate value of ir. 

(5) The Area of a Circle 

The area of a circle is given by the first line of 
stanza No. 7, which is 

fTTO^5i!L 

Area of a circle = i (the circumference) x | (the 

diameter) 

= I (2irr) X I (2r) where r is the 
radius of the circle. 

= TJT^. 


Algebra & Arithmetic. 

( 1 ) 

The rule of three is stated as follows: 

5wrJW]%3 II 
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This is a definite improvement on Baksali. The 
three parts in the rule of three have been defined as 
(1) wn — argument. (2) tR55 — fruit. (3) — re¬ 
quisition. (4) — produce, i. e. 1 and 3 are alike 

and 2 and 4 are alike. 

The above verse states that the product of fruit and 
requisition divided by argument gives the produce. 


( 2 ) 

Here is a rule for solving examples on interest. 

Compare this rule with that of Brahmagupta, 

5Pnvi*s?5Ji^ II 

Ganitadhyaya by Brahmagupta. 
Both the rules state one and the same fact. 


If P is the principle 

i the interest for a period m 
n the given period 
a the amount; then the rule states 



Png 

m 



— Vi ^ 

2m ‘ 


It would be observed that the result has been obtained 
by the solution of a quadratic equation. It should be 
noted that to make the example practical, it is essential 

that should be a complete square. 
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(3) 

The method of inversion has been stated as 

g^^i^r; i 

^ means gain, means loss. 

This is an instance of laconic brevity. It means: 
“ Multiplication means division, division becomes multi¬ 
plication, what is gain becomes loss what is loss, gain.” 
Aryabhatta has not given any example to illustrate the 
use of this rule, but we find that in “ Lllavati ’’ there is a 
problem that illustrates the use of this method of inver¬ 
sion. It is this; 

(I 

tiRti i? ■^’■q<An% 14^1^ " 

Translation :—Oh girl with beaming eyes, tell me as 
thou understandest the right method of inversion, which 
is the number which multiplied by 3, then increased by 
three-fourth of the product, divided by 7, diminished by 
52, the square-root extracted, addition of 8, and division 
by 10 gives the number 2 ? 

The process consists in calculating with 2 backwards" 
For ^ / (10 x'2 X IX 7 X 4 f 

-3-- 

Of course the method of inversion at the time of Bhas- 
karacarya was more elaborate and contained square and 
square-root as well. 


* This problem has been wrongly given as that of Aryabhatta by 
Cajori in his History of Mathematics p. 92. It is that of Bhaskara- 
carya. 
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(4) 

I 

II 

't!l^...a heap, collection. 

If X, y, z .etc. are n heaps and their sums arc 

taken such that of each of them is omitted every time. 
Sum of.all such sums divided by (n — 1) gives the total 
of all the heaps. 

X + y + z + .to (n — 1) letters = a 

y + z + u + .. „ „ = & 


Taking sum of these it would be found that each of the 
letters occurs (n — 1) times, and therefore the result 
given is true. 


(5) 

Here is the deduction from the formula 
(^a + by = + 2ab 

Translation: —DiflFerence of the square of addition 
(of quantities) and the addition of (their) squares, divided 
by two gives the sum of the products (two at a time) 

Thus it states 

( a + b + c + . y — ( a^ + b^ + ■+- .) 

' ■ 2 


= 2a6. 


( 6 ) 




= square. 


= 2* = 4 
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Translation: —Square-root of four times the product 
of the two (quantities) plus the square of (their) differ¬ 
ence, added or subtracted by the difference and divided 
by two, gives the two quantities : i. e. it states the follow¬ 
ing rule 

V ) Aab + (a - b)^ ^ ± (a - b) _, 


(7) 

Here is a formula giving the sum of an Arithmetic 
Progression and its middle term. 

( 3151 ) 

3TIl^ = it = S’sf = the first term a say 

= 3 ^ = common difference d say 
= IS = the number of terms n say 
= the sum. S„ or simply S say 

The first line states: the number of terms minus one, 
multiplied by the common difference and added to the 
first term gives the middle term (of an A. P.) 

i. e. [ d +a] 

is the middle term. The second line gives: 

If this middle term is multiplied by the number of 
terms it is the sum 

or 


Half the number of terms multiplied by the sum of 
the first and the last terms is the sum. 


1 . e. 


[a + rL_l d]n = S„ 


a + I „ 
or - 2 — n = S„ 


where I is the last term. 
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The two forms are necessary because the A. P. at times 
may not have the middle term. 


Here is a formula giving the value of n the number of 
terms when the sum of the series, the first term and the 
common difference are given 


Translation: —Square-root of eight times the product 
of the sum and the common difference together with the 
square of the difference of double the first term and the 
common difference, less double the first term, whole 
divided by the common difference and added one to it, 
half of this, is the number of terms, 

e. n = J L - d -^ 

It should be noted down that the very rule has beeru 
given in Baksali in a slightly different manner. Brahma¬ 
gupta’s rule is the same as that of Baksali, it is this : 

ftqlH ilyoilHi fa ii 

^l^- W~-r 8ds - {2a-d) 

.. 2d“.. ■■ 

The above rules are derived by solving a quadratic 
equation. 

(9) 

The formulae for the sum of the squares andi 
the cubes of natural numbers have been given in the 
following verse. 

qOTii; ' 
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In translating note the word swm the 

meaning to be taken can be explained thus 

or is the number of terms n 

= (n + 1) 

= l + n + n= (2n + l) 
n, (n+1), (2n+l)J is the order (i. e. mn) 
The product of these divided by 6 is the sum of the 
squares of the first n natural numbers. 

And the square of the sum of the first natural num- 
liers is the sum of the cubes of the first n natural numbers. 

Thus the verse gives 

P + 22 + 32 +.. +n2 = + A) C?” ±JJ 

6 


+n2 = 


and P + 23 +33 +.+ nS = [ 

Compare this with Brahmagupta’s rule 




It is quite evident that Brahmagupta’s work does not 
-suffer from lack of expression as that of Aryabhatta. 





SECTION n 

BRAHMAGUPTA 

About hundred years later than Aryabhatfa, the 
Indian Mathematics reached a still higher degree of per¬ 
fection. It was Brahmagupta who developed it. Not 
only did he derive the results obtained by Aryabhatta and 
made them elaborate but he gave a quota of his own to 
the science. The results he obtained stand unique not 
only in history of Indian Mathematics but also in that or 
the world Mathematics. Brahmagupta was the first to 
derive certain results which were troubling the brains of 
the Western Mathematicians as late as the- 17th century. 
His work is quite lucid and elaborate and does not suffer 
from the brevity of expression. Only the further develop¬ 
ments have been recorded here and not the whole work 
though it would be observed that the problems he dealt 
with, show a variety of interest. 

( 1 ) 

Here is a further extension of the appUcation of the 
theory of Arithmetic Progression. 

If one is the first term and one is the common difference 
then the sum to n terms is 

„ _ n(n-i-l) * 

- ■ 2 “ 

This form is already given but the above rule gives the 

r -So n(n+l) n+2 

sum of 2 S„ = “ 2 —^ ■ - 3 - 
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( 2 ) 

But Brahmagupta stands high in esteem for his 
contribution to Geometry. Of coui^se whenever he 
dealt with a quadrilateral, he took regular figures such as 
a square, a rectangle, an isosceles trapezium (i. the 
figures having equal diagonals). These quadrilaterals he 
designated as These figures are obivously 

cyclic. The other type of quadrilateral he came across 
is an irregular but a cyclic quadrilateral. Thus in general 
Brahmagupta deals with only cyclic quadrilateral. He 
makes it clear in the 27th stanza of his work on Geometry. 
Mark the phrase he makes use of, there viz. 



This clearly shows that he worked out problems of cyclic 
quadrilateral alone. All quadrilaterals are not cyclic, but 
when he definitely states that his work would deal with 
only cyclic ones, it is improper on the part of Cajori to say 
“Brahmagupta gives the area of a quadrilateral which holds 
good for cyclic one only ”. Perhaps he might have made 
such a sweeping assertion by simply depending upon the 
wrong interpretation by Colebrooke or Kaye. 

Thus it would be observed that all his problems on 
quadrilaterals are based upon this data that they are cyclic- 
Hence given this condition, only four more conditions 
are essential to know a quadrilateral. 

The area of cyclic quadrilateral is given by the rule 



Translation :—The square-root of the product of four 
quantities which are formed by subtracting each side from 
half the sum of all sides, is the area of a quadrilateral. 

i. e. it is = V \ (s--a)(s-b)is — c)is-d)\. 
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( 3 ) 


^ means addition. ^ means subtraction. 
ansTW means segment, means altitude. 



This states that if ABC is a 
triangle and p, the altitude that 
divides the base into two parts x 
and y then 


y or X 


ir ^p-cn 


For, y = b cos C = b(^ 

If- , 1 

= 2 r + “a 'J 

and similarly ^ ^ 

and the second line states p = \/ P 


2al» 


=v< 


X" 


( 4 ) 

qH <• 

means either a square, a rectangle or an isos¬ 
celes trapezium i. e. the figure in which both the diago¬ 
nals are equal. 

If X is the diagonal, y is the 
perpendicular distance between 
the parallel sides a, b ; and c the 
length of each of the equal sides, 
the rules given are 


a 
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X iab + c^) 
and y = a/ ( 

From the property of the rt. ^ed A 

y 2 =c^+ and.r^- (^^-) = J'* these 

results follow at once. 

( 5 ) 

The Sulva theorem on a right angled triangle is 
given as 



This rule gives 
b = \/c^ —a?, a=s/c^ — b^ 
and c =\f d' + b^. 


( 6 ) 

^i%f% f|«rT 3®! i> 



If ABCD is the trapezium, 
in which AB = a, CO = b, 
AC = BD = X, 0,is the point of 
intersection of AC and BD and 
OA = OB = p, and AM perpen¬ 
dicular to DC cuts BD in P and 
DP = q. 
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Tbeiv the above rules give 

These results are based upon the property of similar 
triangles. 

A s OAB and ODC are similar 
OA _ AB 
OC CD' 


X 

x — p 


a 

b 


bx 

^ = aTb 


Similarly As DPM and ABP are similar whence 
follows the second result. 


( 7 ) 

. II 

This line gives the value of the radius of the.circum- 
scribing circle of 3TI%IH ^3^^- 



the equal sides. 


If ;c is the diagonal of an is¬ 
osceles trapezium and y the per¬ 
pendicular distance between par¬ 
allel sides then the circumradius of 
the quadrilateral is given by 

where c is the length of one of 
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For, if O be the centre 



AOC 

2 


= Sin ABC 


= y-, 

c 

2y 

( 8 ) 

Here is the m6st important rule giving the values 
■of the diagonals of any cyclic quadrilateral. 



If X and y are the diagonals 
of a cyclic quadrilateral ABCD, 
whose sides are of length a, b, 
c, d then the above rule gives 


(ac-hbd) 


yj ad + bc 


ab+cd 


and y= 


Hence it would be observed that if we take the pro¬ 
duct of X and y we get 

xy = ac + bd 

which is known as Ptolemy’s theorem. 
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( 9 ) 

Here are given the sides of any triangle. 

a 


c 



Let u, V, w be three quantities, then the sides of 
the triangle ABC are given by 


5(7 + ’')' 5 (S+“')="''‘ 


( 10 ) 

¥nfj)d8l«ii I 

IffdT II 

The sides of an isosceles trapezium are given in terms 
of the sides of a right angled triangle. 


A B 



Let X, y, z be the sides 
of right angled triangle, x 
being the hypotenuse. Then 
the sides of a trapezium 
ABCD are given by 


AD = BC = X 


CD . J (f - ») +y 
a being any supposed quantity (^) 


7 
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( 11 ) 

Here is a formula that gives the volume of a cone 
or a pyramid 

^ means depth or height. — prism or regularly 

excavated space. The rule states that the volume of a 
prism is the product of the area of the base and the height 
and one-third of that is the volume of a cone or a pyramid 
having the same base as that of a prism. 

While translating this line, Colebrooke has translated 
the word ^ as needle. 

( 12 ) 

Another important addition that Brahmagupta makes,, 
is the accurate value of the volume of the frustum 
of a pyramid. In giving it he introduces the following, 
terminology 

(1) qB55...practical i. e. approximate 

(2) ...(better) approximation 

(3) ...correct or accurate. 

Instead of the word Mahavir introduces 

the word 'E® and for he uses the word 5^— 

this word is not Sanskrit. But taking into consideration 
that Mahavir was Jain, it is likely that he made use of the 
distorted word. The rule is as follows : 

5?rwR^ Rtfii: iNH. ' 

51%^ 'ES U 

Square-root of the area of the upper base is called 
Square-root of the area of the base is called cRS 
g«acl<3 *IT^ means the square of the sum of the square 
root of the base and the upper face. 
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Thus if A and a ' are the areas of the top and the 
bottom of a frustum, the V is given by 


V 


= ( 


v'A + V'A' 


where h is the height of the frustum. 
If A is the 

A + A' 


A = 


k 


while the or the correct value is given by 


A^ + V=A + 2 V 
3 ^ 3 3 


h, _ 


= g-(A + A') + ^(V' a+n/A')2 

h ,_ 

= 2(a+ a'+v^aa') 
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MAHAVIRACARYA 

The fame of Mahavir rests on his brilliant work 
known as Ganitasar Sahgraha. From the comparison of 
his work and that of Brahmagupta, it seems that*Mahavir- 
acarya was familiar with the latter’s work; but he has 
improved upon it a lot. His work is widely known in 
southern India. He lived about two centuries after 
Brahmagupta and two centuries before Bhaskaracarya; 
but it appears that Bhaskaracarya did not know about 
Mahaviracarya probably because he was a Jain. 

• Mahavir has dealt with almost all the problems his 
predecessors tackled. He made the classification of 
arithmetical operations simpler and gave a number of 
examples to elucidate the rules. His treatment of the 
work appears quite lucid and elaborate. Almost all the 
results given by Brahmagupta have been fully dealt with 
and in addition he gave something more as his quota to 
the progress of Mathematics in India. Only the additions 
he made to the science till his time would be dealt with. 

It was Mahavir who first treats the series in Geome¬ 
tric Progressions and gives almost all the formulae 
required therein. 

The following verse gives the sum of a G. P. to any 
number of terms. 

( 1 ) 

apfqTfq—the value of the last term. 
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jpij—common ratio. 

The verse states that 

c, ar X r — a 

_ a (r“ — 1) 
r —1 

where a is the first term and r is the common ratio and S„ 
is the sum to n terms. 

( 2 ) 

w ?i«iT i 

goitiq is the last term multiplied by the common ratio i. e. 
ar". This should be divided by the first term and then 
go on dividing the result by the common ratio till the 
quotient is one. The number of times this will have to be 
done gives the number of terms of the series. Because the 
idea of any big index as not realised in practice and there¬ 
fore the method followed was rather crude. There is 
another rule as well that gives the value of n. 

Translation :—Multiply the sum by the common ratio 
diminished by one, divide this product by the first term, 
add one. The number of times this is divisible by the 
common ratio gives the number of terms. 

, a(r« —1) ‘ - 

a 

(r» - 1) + 1 = r«. 
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Divide r»hy r repeatedly to know the power of r. 
That is how n was obtained. There are other sutras too 
but they are the different forms of one and the same rule. 

( 3 ) 

Here are some rules to split up a fraction into 
partial fractions. 

11 

'TOJig II 

The'first gives; when — is the sum of t*wo intended frac- 

n 

•% 

tions the fractions are 

pn ^ pn ^ 
where p is any number : and 

_ 

mn m(jn + n) n(m + n) 


while the second verse gives: if- is the sum of two 

n 

intended fractions with a and h as their numerators, then 
the fractions are 


ap + b 


n 

P 


and 


ap + b 


n 

P 


P 


m p m 

where p is any number so chosen that (ap+fc) is divisible 
by m. 


( 4 ) 

Mahavir’s work differs from that of others in 
respect of the definitions he introduced of various figures. 
He has given the definitions of a triangle—equilateral. 
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isosceles and scalene—a square, a rectangle, isosceles 
trapezium, trapezium with three sides equal, a quadrila¬ 
teral, a circle, a semicircle, an ellipse, a hollow hemisphere 
and the lune. Jt is true that the results he derived 
regarding the area of an ellipse and the length of the 
curve of an ellipse are not accurate; but as a pioneer in 
this line his place stands high. Almost all the properties 
of the cyclic quadrilateral derived by Brahmagupta, have 
been more lucidly explained by him. • 
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SECTION IV 

BHASKARACARYA . 

Bhaskaracarya is the greatest Hindu Mathematician 
and it is because of him that India has given a definite 
quota to forward world march of the science. His ex¬ 
position of the subject is quite lucid and the obscurity so 
far found in earlier works, has completely disappeared. 
The logical development and the consecutive arrangement 
of the subject so far absent from the Hindu works, is 
found in his work and the most interesting feature of his 
work is that he combined the cold logic with the richness 
of poetic imagery. Of course some of the problems he 
dealt with, have been tackled by his predecessors but he 
has acknowledged his indebtedness to them like a true 
scholar. 

The original works that he did, are the verious solu¬ 
tions of a right angled triangle, the area of the surface of 
a sphere, the volume of a sphere and sines and cosines of 
compound angles and the theory of surds. But his place 
stands high, because of the methods he gave for the solu¬ 
tions of indeterminate problems of the first degree and of 
the second degree. The rules given are in effect the same 
as those given by the modern European Algebraist for the 
solutions of the indeterminate problems of the first degree. 
It must be borne in mind that Bhaskaracarya gave these 
methods in the 12th century, while the modern European 
methods are rediscovered in succession by M. Bachet de 
Mazeriac, Fermat, Euler and De La Grange in the 17th 
century. When such is the case why should we grudge to 
record the credit to the Indian Mathematician that is 
legitimately his? In the face of all this evidence to 
maintain that the rules for the solutions of indeterminate 
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problems might have been borrowed from Greek or Modern 
European writers, would be absurd. 

It is proposed here to enumerate the properties at 
times without the actual sutras. The lucidity of exposi¬ 
tion have made these Sutras rather lengthy, but wherever 
important developments are concerned, the text would 
be given to guide the reader; otherwise only the methods 
of working the examples and the translations of the 
sutras would be explained. 


I 

The Right Angled Triangle 



(a) If ABC is a right angled triangle the well-known 

Sulva theorem is given as , 

c =\/a?’ + b^, a2=\/and b= V 

(b) a being given to find b and c 

b = -V, bx - a = c ; 


L ^ 

or 0 = — 


X 



where x is any quantity. 
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or 


(c) If c is given 

, 2cx j 
® = ^^ 2+1 , xb- c= a 

2c , 2cx 


where x is any quantity. 

(d) If X is any quantity such that x = c ±b then 


a? , 

x - x + — 

, X X 

b -2— 


■or if AC = a + b. 


X -sj 2x? - x^ 


— o. , 




= 6 . 


(e) a = 2pq, b = and c = + q-. 

These properties have been followed by a number of 
examples clothed in poetic language. 


II 

The Value of ir 


The value of it given by Bhaskaracarya is the same 
as given by Aryabhatta I with common factors being can- 
, celled. Thus he takes 

3927 

1250 

Then he proceeds to give the area of a circle, the area 
of the surface of a sphere and the volume of a sphere in 
one and the same stanza: 

, ^ < 11 ^: 11 

?S5i 1 
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the first line gives the area of a circle as 

1 2r 

(circumference) x (diameter) = 27ir x = irr^ 

The second line gives the area of the surface of a sphere as 
= (Area of a great circle) x 4 
= (here Veda means 4) 

where r is the radius of the sphere. The last two lines 
give the volume of a sphere, as 


( the surface of the sphere ) X ( diameter) 4irr2 X 2r 



Surds 

There are a number of rules dealing with problems on 
surds. They deal with addition, subtraction, multiplica¬ 
tion, division, square and square-root. 

( i ) To find the value of ± Vb 

Rule:— call (a + b) the greater quantity and if ab is 
rational call 2Vab the smaller one. Then the square-root 
of the addition of the greater and the smaller quantities 
is the addition of the two surds ; square-root of the dif¬ 
ference of the greater and the smaller quantities is the 
difference of the two surds. Thus 

b = v/|(ci-f-6) -|-2v^ ab 
and Va — \/b = \/ \ a + b — 2s/ab {. 

Otherwise divide ahj b and write down in two 

places, add one and subtract one and then the addition 
and subtraction of the two surds is given by 

V«+ V'5'=''^ { (■V^T+OU- 
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Va-^h-V { (Vi-l)’;,}- 

Both the rules are in fact one and the same. Which¬ 
ever was convenient, was made use of. 

(ii) For the product of two surds, take the pro¬ 
duct in the ordinary way and proceed by the methods of 
addition or subtraction given before. 

Ex :--Solve (^2 +\/3 + VS ) (\/3 + V25') 

One factor is written in the horizontal line and the other 
in the vertical line and the product is effected as shown 
below. 

^2 ^3 v/8 iFor 

v'S ^6 n/9 v^24 -\/6+\/24 =\/54 

v^25 jv^50 VT5 Vm ''andVSO+V^O 

Product is 3 + v/54 + y'450+ 75 . 

(iii) The method of division and the denominator 
are the same as the modern one i. e. the numerator and 
the denominator are to be multiplied by the conjugate of 
the denominator so that the denominator is rationalised. 

Solve + 

5+\f3 

Multiplying the denominator by its conjugate, we 
have the expression. 

_ (v/9+\/54+V450+\/^‘)(5- v'3) 

(5+V3) (5- ^/3) 

= 2^ I /225 + ✓1350+ ✓11250 + ✓1875 - ✓27 
- ✓162- ✓I350-X/225 I 

_ (✓11250- ✓i62) + (^i875- ^27) 

22 


^MjfLxHxmXcJtlJL 






BHASKARACARYA 


1P9 


Now 1875 + 27 = 1902 = {a + b) 

1875 X 27 = 50625 = ab 
^50625"= 225 (= 225 x 2 = 450. 

1902 - 450 = 1452 [ = ( v'a - +by]. 
^im-^27= V^l452. 

Similarly 

v'il2^- v/l62= v'sTli 

Hence the given fraction 

^^l^+ ^8712 ^/r8'+ v'S 

22 ■ 1 ■ 

^ 18 is further split up into v'2+ v^8. 

v'9+v^54 4.v' 450+v^ys' +2+ +3+ +8 
Thus -5^ ^-3-j- 

(iv) The rule for finding the square-root of a 
binomial surd is put in the form 


To illustrate the rule the example given is this ; 
Ex Find N/’(5+7'f|)' 

Here a = 5, 6 = 24. 
a2 = 25. A a2 - 6 = 25 - 24 = 1 

a+ ^af+b _ ^ 

'2 ~ ^ 

a— ^a^-b _ r, 

2 ^ 


+ {a+ ^b) =[\/ + V 

^2 2 < 
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HenceV (5+V24") = ( ^^3+V2) 

If it is an example of the type 

V {a + + v'c+ Vd \ 

then the method followed was to consider 

a2 — (6 4- o): - (c + d) or - (i + d). 

if one of these expression is a complete square. Thus if 


d^ — (b + c) = say 


then 



v' a+x 
“2 


are to be considered. 


One of them is to be kept and the other is to be 
combined with v'd. The method would be better under¬ 
stood from the example worked out by the author. 


Ex Find / UO + V24+ V40 + V60 

1(P = 100,100 - (24 + 40) = 36, V36 = 6i = x) 

10 + 6 = 16, 10 - 6 = 4, 



Consider VS and V2 now. One of these two numbers 
would be one term of the square-root and the other is to 
be combined with the term that is left. Leave V2 as it 
is and proceed with 8. 

82 = 64, 64 - 60 = 4, a/4 * 2 

8 4 - 2 = 10 , 8-2 = 6 . 



V 5 and V 3 are the required results, 

/. V5+^f3+V2 = 10 4-V24 4- V40 4-V60 i 
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Ex ;— Solve 

V 5 16 + V24 + V40 + V48 + + ^72+ K 

The working is as follows:— 

162 - 256, 256 - ( 24 + 40 + 48 ) = 144.^/144 = 12. 

16 + 12 = 28, 16 - 12 = 4. 



We have then V14 and ^2. Keep-^2 as it is and 
proceed with the number 14. 

142 = 196, 196 - (120 + 72) = 4. ^/•4 = 2 

14 + 2 = 16, 14 - 2 = 12. 



We have thenv/’8 and'/6. Keep \/‘6 as it is and proceed 
with the number 8. 

82 = 64, 64 - 60 = 4 , ^4 = 2 

8 + 2 = 10 . 8-2 = 6 



We have v^S and ^3 and all the terms are exhausted. 

( ^^2 + ^6 + -/S + ■/3) = / 5 16 + V 24 + "^^40 
+ /48 + v'60 + •^12 + f 

A number of examples have been worked out by the 
author by this very method. In order to help the work¬ 
ing in general, the author has given the number of terms 
in the square-root of a surd the number of terms in the 
square and the number of rational terms in the square. 
This helps to find how many terms would be there in the 
square-root. 
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IV 

The Indeterminate Equations 

The study of indeterminate equations began from the 
days of Aryabhatta, as far as the developments in this 
period are concerned. Aryabhatta onwards almost all 
the Mathematicians have dealt with the subject but the 
exposition of the methods by Bhaskaracarya is quite 
lucid. He has treated a variety of problems on it and 
some of his methods are quite original. For this reason 
the place of Bhaskaracarya stands high in the galaxy of 
Mathematicians. 

Here are the rules which arc translated with explana¬ 
tions wherever necessary. 

h'- i 

^ ^ ii 

fipfi sswiqptl I 

ii 

^ritigni i 

^ gs: *}>3 3«I?qTq^?l II 
IT# qqr eH^cIi: I 

qsrm^ sii^g'nl 3 11 

qi gq: 1 

^ gq: nq ii 

^ g'nTl?t^^ I 

goras^qt: ?w Jn?i ai^vr 11 
5^38 3 i 

55iqisr ^sstfl gtt 3 qf^ « 
arqqr qpif^ risqt l 

gq: auqtl^ 5555ft jqsqiqtpj II 

^ 3 #1 q 1 ^ qr fqg^ ?qrat q^ g^i^R 5555ft 1 
^ ^?Rq 8 qqqRtqi^ 11 
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T ranslation & Explanation :—To find an unknown 
such that when it is multiplied by a known number and 
another known number added to it, and if the result is 
divided by a third known number, remainder is zero (i. e. 
the division is complete). This type of problem is known 
as “ Kuttaka 

The following terminology is introduced :— 

The first known number (i. e. that which multiplies 
the unknown is known as Gunaka (gora) i. e. multiplier, 
the other known number that is added to the product is 
called Ksepak i. e. augment (augment may be posi¬ 
tive or negative), the third known number that divides 
this result is known as Bhajaka i. e. divisor, the 

result obtained is known as Bhagakara (¥p*n^?). Thus if 

ax + c 

where x and y are unknowns and a, b, c are known quan¬ 
tities, then 

a is known as the multiplier (gq^) 
c is known as the augment (^q^) 
b is the divisor (jjtsr;) 

y is the “Bhagakara (vjFn^BR) no correspond¬ 
ing terminology for this in English as the word quotient 
fails to connote the idea involved therein. 

First of all remove the common factor or factors of 
a, b, c and if a', b\ c' are the values that remain after this 
removal, take the equation 
- a’x + c 

which we can write 

ax + c 

—r- = y 

as there is no loss of generality if we supress the dashes. 
Now divide the multiplier a by .6 and divide b by the 
8 


^MjfLxrLxmXcJtlJL 



IH ANCtENT INDIAN MATHEMATICS 

remainder until finally the remainder is one. Write all the 
quotients derived by this process in a vertical line one 
below the other and write at the bottom of this the aug¬ 
ment and below it zero. This vertical line is known as valli 
(^) i.e. a creeper. Multiply by the number above zero in 
this valli by a number immediately above it and to the 
product add zero. Multiply the number thus obtained by 
the next upper number in the line and to the product 
add the number below it and so on until all the numbers 
in the valli are exhausted. Of the last two numbers thus 
obtained, if the lower is applicable to the problem given 
then the number above is the value of Bhagakara i. e. y. 

To derive the least values of x and y divide the value 
of y found above by a the “gunaka”, and call the remain¬ 
der y' divide the value of x by b and call the remainder x’. 
Multiply a by x' and to the product add c. Dividing the 
same by b and the quotient will be the new value of y. 
To the first remainder add a continuously and to the 
second remainder and as many times we shall have new 
values of .r and y. 

If the number of quotients that are to be written in 
the vertical line (i. e. valli,) is even, then the above 
method is applicable: but when it is odd adopt the 
following process. Take all the steps mentioned above 
and then subtract the value of y from the multiplier a 
and that of x from the divisor b, then x will be found 
right while the value of y would be wrong. To find the 
correct value of y multiply its wrong value by the com¬ 
mon factor of a and c. If b and c have a common factor 
the value of x first derived should be multiplied by this 
common factor and the correct value of x will be obtained 
if the original value is wrong. When the augment c is 
negative subtract the value of x from the divisor b and. 
that of y from the multiplier a. 
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If the subtraction is possible, then the question is 
solved, if it is not, take the excess of the subtrahend 
above the minuend to be negative, multiply the minuend 
by a number so that the product may be greater than the 
negative quantity; from this quantity subtract the nega¬ 
tive quantity and the remainder will be the required 
number. , 

If a is negative, subtract the value of x from b and 
that of y from a. 


If c is positive and greater than b, subtract b or its 
multiples from c till a number less than b remains. Add 
this number of the multiple of b to the value of y and 
the sum will be its correct value. If c < 0 subtract the 
number of the multiple from the value of y. 

If a > b and c > b, subtract b or its multiples from 
both, take the remainders as the new values for a and c 
and proceed. That would give the correct value of x 
but a wrong value for y. If in this process, by dividing 
c by 6 there is no remainder x will be zero, and y would 

be T* If the numbers are not reduced but the quotients 
b 

are taken from the original numbers, x and y will always 
be found correct. If they are reduced, x and y will be 
found correctly when two are reduced, but one of them 
will be brought out right when both are not reduced. 


Of course the rules arc very lengthy but they have 
been given with elaborate exposition to illucidate the 
calculations. They will better be understood from the 
examples \^rked out by the author by making use of 
these rules. 


Example:—Solve 
a = 221 , 


221a: + 65 
195 

b = 195, c = 65. 
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It would be observed that 13 is a common factor between 
a, b, c. Removing that, their new values are 17,15 and 5. 

Take 17 as the multiplier, 15 the divisor and 5 the 
augment 

Then 15 I 17 1 
1 15 _ 

2 15 7 

JA _ 

1 

The quotients are 1 and 7. 

Writing in the valli form 1, 7 the augment 5 and 0 
below as directed, we have 
1 40 

7 35 
5 

oj 

For 5 X 7 = 35, 35 x 1 + 5 = 40. 

Thus 40 and 35 are the numbers to be dealt with. From 
40 subtract the multiple of 17 so that the result is less 
than 17. 

40 - 2 X 17 = 6 = 3 ; 

and from 35 subtract the multiple of 15 so that the result 
is less than 15. 

35 - 2 X 15 = 5 = .r 
Hence x = 5, y = 6. 

For it would be observed that 

221 X 5 + 65 _ 

195 ■■ 


17 

1 

15 


2 

15 


14 


1 
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To find another set of values of x and y 
17 + 6 = y 
15 + 5 = ;c 
2 X 17 + 6 = 40 = 

2 X 15 + 5 = 35 = .r 
3xl7 + 6 = 57 = y 
3xl5 + 5 = 50 = :»: 

.and so on. Thus infinite sets of values for (x, y) can be 
•derived in this manner. 

2nd Method :—a = 221, b = 195, c = 65. 

Removing the common factor, we have 
a' = 17, b' = 15, c’ = 5. 

Instead of 5 take c = 1 


Then 

15 

17 

1 



15 



- 

2'! 

15 




_14_ 


1 

Writing the quotients in the valli form together with 
the new augment 1 and zero, we have 
1 8 
7 7 
1 
0 

Multiply 8 and 7 by 5 the value of c' and we have 40 and 
35. Then proceed as before. 

If c is negative subtract 7 from 15 and 8 from 17, 
and 8 and 9 remain. Multiplying these by 5 we get 4Q 
and 45. Then 

40 - 2 X 15 = 10 = a; 

40 - 2 X 17 = 11 = y 
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Ex :— Solve 


100a:+ 90 
63 


■-y- 


63 


10011 

_63\_ 

37163 
I 37 

26 


37 

26 

11 


26 

22 


4 I 11 

i 8 


3 14 1 

I 3 ■ 

1 

Writing the quotients, the augment and zero in the 
vain form we have 


1 

2430 

1 X 90 

+ 0 

- 90 

1 

1530 

2 X 90 

+ 90 

- 270 

1 

900 

2 X 270 

+ 90 

= 630 

2 

630 

1 X 630 

+ 270 

= 900 

2 

270 

1 X 900 

+ 630 

= 1530 

1 

90 

0 

90 

1 X 1530 + 900 

= 2430. 


The last two numbers arc 2430 and 1530. Divide the 
former by 100 and the latter by 63. The remainders are 
30 and 18 respectively 

.•. a: = 18 and y = 30. 
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2nd Method. Divide 100 by 90 and 90 by 10 and then 
the new values of a, b, c are to be taken 

a’ = 10, b' = 63, c' = 9 

63 10 ! 0 
0 J_ 

10 63 I 6 
60 ! 

3 10 3 
9 

1 . 

Putting these in the valli form, with the augment 
and zero we have 

0 I 27 

6 ! 171 i. e. 9 X 3 + 0 = 27 
3 ! 27 27 X 6 + 9 = 171 

9 ! 171x0+27=27 

i 

0 i 

i 

The last two numbers are 27 and 171. 

27 - 2 x 10 = 7 
171 - 2 X 63 = 45, 

The number of quotients in the valli is odd. Hence 
subtract 45 from 63 and we get 18 which is the value of 
X. 7 subtracted from 10 gives 3 which is the wrong value 
of y. So to find the correct value of y mi^ltiply 3 by the 
common factor 10 and we have y = 30. 

3rd Method. Common factor between b and c is 9. 
Removing that, the new values are 
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a = 100. fc'=7. C' = 10. 
7 I 100 1 


98_ 
■ 2 


14 

"7 

6 

1 


Arranging these quotients in the valli form with the 
augment and lero, we have 

14j 430 

ai 30 

I 


From 430 subtract 4 x 100 and we get 30. This is the 
value of y subtract 4x7 from 30 and 2 remains. But 2 
is not the correct value of x. Multiply 2 by the common 
factor 9 and we have x = 18. 

4th Method. Removing the common factor from 
a and c. 

a = 10, b' = 63, c' = 9. 

Removing the common factor from b and c, we get 
a = 100. b' = 7. c' = 10. 

Thus uniting the two processes we have 

a' = 10, f)' = 7, and c should be taken equal to the 
difference of the two operations, i. e. 10 — 9 = 1. 
a' = 10. b' = 7. c' = 1. 

Then 7 I 10 , 1 

I 7 I 

‘■‘3 ! 7 I 2 

iA ‘ _ 

1 ■ 
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writing the quotients in the valli form, together with the 
augment and zero 

1:3 lx2+0=2 

2|2 2X1+1-3 

1 ! 

o| 

3 and 2 are the values obtained for x and y respectively. 
Multiply 2 by 9 the common factor of b and c and we 
have ;c=18. Multiply3 by 10 the common factor of a and 
c and we have y = 30. 

V 

Simultaneous Indeterminate Equations ( ) 

'iR^55qw5«m i 

f^TS# II 

Translation : —Add the multipliers together and take 
the sum as the new multiplier, add the two augments 
and take the sum as the new augment with a negative 
sign. Keeping the divisor as it is, follow the process 
already given. 

Solve = y + Cl = z + C 2 

where a^ = 5, ci = 7, aj = 10, Ci 14, b = 63 
a = Ui + = 10 + 5 = 15. c = C| + Cl = 7 + 14 = 21 

.’. a = 15, b = 63, and c = 21. 

Proceeding as before 

63 15 i 0 
0 ; 


15 63 

4 

60 


3 1 

T5~!5 


15 1 


0 


^MjfLxrLxmXcJtlJL ^fftALtiLA. 



122 ANCIENT INDIAN MATHEMATICS 

Writing the first two quotients in the valli form together 
with the augment and zero, we have 

0 7 
4 28 
7 
0 

Hence we get 7 and 28. 

7 — 5 = 2, 5 — 2 = y which is wrong, 

21 — 7 = 14 = r a: is correct. 

For 14 X 5 = 70 and leaves the remainder 7, 

Also 14 X 10 = 140 

and Vs” leaves the remainder 14. 

The theory of these equations is so elaborately deve¬ 
loped as it was found that it has a bearing upon the 
problems in Astronomy. For instance there is a theoretical 
problem which runs thus :— 

“ A body completes 37 revolutions in 49 days; how 
many revolutions would it make in 17 days?” 

The answer is easily obtained by the rule of three. It 

is 12 revolutions, 10 signs 1°, 13' 28''-^ ( where 

1 sign = 30’ ). 

Suppose that a student is asked to memorise the 
result: and at a later date the example is lost and the 

8 

whole answer he forgets except the last fraction • Then 
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, the whole answer might be replaced by continuously 
solving indeterminate equations. Thus 6rst solve 
60a: — 8 

—9— = ^ 

from which we get x = 23, y = 28. 


Here a is taken as 60 since 60 ’ = 1’. 
60a:’ - 23 
49 ^ 

and we find a:' = 11, y' = 13 


Then solve 


- 11 
^ 49' 


Again solve 


proceeding in this manner the whole answer can he 
replaced. 


VI 

Quadratic Indeterminate Equations 

To solve Ax- + B = where A and B are knowns. 
A is the multiplier, 

B is the augment 
X is the least root 
y is the greatest root 

tWWJRT: 

^ ^ Sfc^fT 

g? % %: g<wi: ^ U 
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cR I 

f|5I^ ?I<q^ II 

Rules :—^Take any number and call it the “least” 
root, and square it. Multiply it by the any known number 
called the multiplier and add or subtract-the augment to 
make it a perfect square. Take its. square-root and call 
it the “greatest” root. Write down these two roots 
and the augment in one line and below it again the same 
roots and the augment so that the least roots, the greatest 
roots and the augments are in the verticular columns res¬ 
pectively. Multiply crossways i. e. the least by the 
greatest and the greatest by the least roots and add the 
two products. Call this sum the least root. Take the 
product of the two least roots and multiply it by the 
multiplier and add to it the product of the greatest root. 
The result will be' the greatest root; and the product 
of the two augments will be the new augment. 

To obtain another set of values repeat the same 
■process and perform the same operations with the new 
least and the greatest roots. 

2nd Method :—In the above operation after multiply¬ 
ing crossways take the difference and it would be the 
least root and the difference between the product of the 
two least roots multiplied by the multiplier and the 
product of the greatest roots will be the corresponding 
greatest root. 

If the augment of the operation is the same as the 
original one so far so good; but if it is greater, divide it 
by the square of an assumed number so that the original 
augment may be obtained, but if it be less, multiply it by a 
square of an assumed jiumbfer so that the original augment 
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may be obtained. In the first case divide the greatest 
and the least roots by that assumed number and in the 
second case multiply them so that they may correspond. 

3rd Method :—Assume a number and divide its 
double .by the difference of the multiplier and the square 
of the number and the quotient will be the least root when 
unity is the augment; thence obtain the greatest root. 

Ex :— Solve 8x^ + 1 = 

Suppose 1 is the least root. Then 
8 + 1 = 9 y = 3 

.'. 3 is the greatest root. 

Writing these, together with augment in» 
horizontal lines as directed by the rule 


Least root 

Greatest root 

Augment 

k 


1 

\ 

/ 


\ 

/ 


/ 

\ 


/ 

\ 



^3 

1 


cross multiply as indicated by the arrows and add. Thus 
3 + 3 = 6 = X 

the corresponding value of y is 17. For, 
the product of the least roots is 1 x 1 = 1 
1x8 = 8 

adding this to the product of the greatest roots, that is 
(3 X 3 = 9), 8 + 9 = 17 = y corresponding to x = 6. 
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Again taking the two sets of values of x and y to¬ 
gether with the augments according to the rule, we have 


Least 

Greatest 

Augment 

k 

3 

1 

\ 

/ 

■ 

\:/ 



: 

/ 

\ 


6^ 

\l7 

1 ; 


Cross multiplying and adding we have 
17 + 18 = 35 = X 

The product of the least roots is 1 x 6 = 6 
6 X S = 43 

The product of the greatest roots 3 X 17 = 51 

51 + 48 = 99 = _v corresponding to 2=35 
Proceeding further 


Least root 

Greatest root 

Augment 

K 


1 

\ 

/ 


\ 

/ 


/ 

\ 


/ 

\ 


35 /^ 

\99 

1 1 


Cross multiplying and adding we have 
99 -H 105 = 204 = X 

Product of the least roots is 35 x 1 = 35 
35 X 8 = 280 
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Adding to 280 the product of the greatest roots 
i. e. 3 X 99 = 297, we have 
280 + 297 = 577 =- y 

Thus the values for x and y are (1, 3), (6, 17), (35, 99), 
(204, 577) and so on. We can proceed like this indefi¬ 
nitely and obtain infinite sets of values of x and y. 

To illustrate the use of the other rules the example given is 
ll.r2 + 1 = 

Here if we take x = 1 the left hand side is not a perfect 
square. But if the augment is taken (—2) then the left 
hand side is a perfect square since 11 — 2 = 9 and v/9 =3. 

By taking 1 as the least root and 3 as the greatest root 
and ( — 2) as the new augment we have 


Least root 

Greatest root 

Augment 

Ik ! 

\ 1 / 

\ 1 / 

/i\ 

/ ! \ 

1 / j ^3 

-2 

i 

_2 


Cross multiplying and adding we get ' 

j 3 + 3 = 6 = ATi 
Product of the least roots 1x1 = 1. 

Multiply this 1, by 11 and add to it the proJuct of 
the greatest roots i. e. 3 x 3 = 9 
11 + 9 = 20 = 

But these values Xi and y^ satisfy the equatic n 
llx\ + 4 = y\ 


^MjfLxHxmXcJtlJL 





128 


ANCIENT INDIAN MATHEMATICS 


The square of an assumed augment (—2) x (—2) = 4. 
Dividing 4 by 4 we have 1 the original augment. Thus 
to obtain the values of x and y divide Xx and yi by 2 and 
we get the values of x and y 



Otherwise : take 1 the least root and 5 the augment, then 
the greatest root is 4. Hence we have 


Least root 

Greatest root 

Augment 

K 


5 


/ 


\ 

/ 


/ 

\ 


/ 

\ 



\4 

5 


Cross multiplying and adding we have 
4 + 4 == 8 = ATj 

The product of the least roots is 1 X 1 = 1. Multiply 
this 1 by 11 and add to it the product of the greatest roots 
i. e. 4 X 4 = 16 and we have 

11 + 16 = 27 = yi 
where Xx, yx satisfy the equation 
llx\ + 25.= y\ 

Thus the new augment is 5x5 = 25, and since \f25 = 5; 
divide this 5 by the augment 5 and we have the original 
augment 1. Hence the values of x and y are given by 
_ 8 _ 3'i _ 27 

~ 5 “3’ ^ 3 “T" 
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Thus the sets of values obtained by the two methods, 
of the equation 

llx^ + l=y2 are (3, 10) and (| . ) 

Proceeding further we have 


Least root 

Greatest root 

Augment 

\ 

\ 

/ 

/ 

8 / 

5 

^10 

/ 

/ 

\ 

\ 

\2,7_ 

5 

1 

1 


Cross multiplying and adding we have 
81 , 80 161 
'T 

Now the product of the least roots is X 3 = 

24 

Multiplying this by 11 and adding to it the pro- 

27 270 


•duct of the greatest roots i* e. 10 x 


11 24 , 

llx-^+ , 


5 5 

270 534 

—^=r 


we have 


Thus another set of values of x and y is ^ 

So we can proceed further indefinitely. 

Again, after multiplying crosswise and taking the 
difference we have 

81 80 1 
T '5' “ 5 ~ 


9 • 
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The product of the least roots is 
264 


24 


This multiplied 
270 


by 11 is The product of the greatest roots is ^ 


Then 


y. 


^ ^ _ 6 

5 5 5 

Thus another set of values for x and y are obtained^ 
by the other method. 


VII 

The Cyclic Method or the Cakraval Method 

ci«rr awii 
%q: afn 

<^^^qi^q^i55Tii^ 5ig: ii 

Assume the least and the greatest roots and the aug¬ 
ment and then take the least root as the dividend and the 
augment the divisor and greatest root the augment, bring 
out the multiplicand and the “ bhagakar ” i. e. the quo¬ 
tient (as in kuttaka). The square of this multiplicand 
should be subtracted from the given multiplier or this 
multiplicand should be subtracted from the given multi¬ 
plier so that the difference may be small. This difference 
divided by the original augment is to be taken as the 
new augment, which is reversed if the subtraction be 
from the original multiplier. The quotient correspon¬ 
ding to the multiplicand will be the least root, whence 
the greatest root will be deduced; and so on. The ope¬ 
ration is repeated by setting aside the former roots and. 
thc augment. 

Method would be understood by the following exam¬ 
ple worked by the author. 
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Example. What is the square which being multi¬ 
plied by 67 and one being added to it will yield-a square- 
root ? 

i. e. solve 61 + 1 = ^. sf. 

Let 1 be the least root. Then when it is multiplied 
hy 67 and 3 subtracted from it gives us the complete 
square. Hence with this arrangement 8 is the greatest 
root. 

Then the dividend is 1 
the divisor is 3 
the augment is 8. 

Subtract two times 3 the divisor, from 8 the augment 
and 2 remain. Take 2 as the augment. The quotient 
when 1 is divided by 3 and 8 is divided by 3 are 0 and 2 
respectively. Subtract the divisor and the dividend from 
the multiplier of 3 i. e. 2 and we have 1 and 1. As the 
divisor 3 is subtracted two times from the augment 8 add 
2 to the quotient and we get 3; and the multiplier is 1. 
As 67 cannot go from the square of the multiplier, sub¬ 
tract the square of this from 67 and 66 remain, but this 
is a big number, so add the divisor 3 twice to the multi¬ 
plier and we get 1 + 6 = 7. Subtract the square of 7 
from 67 and we have ( 67 — 49 ) = 18. Add the dividend 
to the quotient and the result is 5. Divide by the aug¬ 
ment of operation of multiplication of the square which 

IS 

when reversed is ( — 3) i. e. = — 6 is the quotient. 

And as the square of 7 has been subtracted from the 
multiplier 67 the negative sign is to be made positive 
according to the rule. Thus + 6 is the augment and 5 
is the least root and since 

67 X 25 + 6 = 1681 = 41^ 

41 is the greatest root. 
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now take the dividend 5 
the divisor 6 
and the augment 41 

Then perform the operation as before as in the case 

of the linear indeterminate equation 

5i+41 

- 

and we get ^ = 5 and jj = 11. 

Subtract the square of 5 from 67 and that gives 
(67 — 25) = 42. 42 divided by the augment 6 gives 7 as 
the quotient which is to be reversed in sign since from the 
multiplier 67 we have subtracted the square of 7. Then 
11 is the value of the least root and the greatest root is 
given by 

67 X IP - 7 = 8100 = 902 
the greatest root is 90. 

Then as before 

take the dividend 11 
the divisor 7 
and the augment 90. 

Perform the operation as before 
11^1 + 90 

y — ’ll 

and we get = 2 and >ii = 16. 

Subtract the square of 2 from the multiplier 67 and 
that gives (67 - 4 ) =63 which is a big number and 
therefore add the divisor 7 to 2 and we get 9. Subtract 
the multiplier 67 from the square of 9 and we have 
(81 - 67) = 14. Dividing 14 by the negative augment 7 
14 

we have -y = - 2. The new augment is therefore -2. 
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Adding the value of m — 16 to 11 we get 27 which is 
the least root and hence the greatest root is given by 

67 X 272 - 2 = 48841 = 22P 
A 221 is the greatest root. 

Hence as before, take the dividend 27 
the divisor 2 
and the augment 221. 

At this stage we can save our calculations by falling 
back upon the old method. 

Arranging these as follows 


Least root 

Greatest root 

Augment 


^221 

-2 

\ 





Xi\ 





21^ 

! ^221 

-2 


Cross multiplying and adding 

221 X 27 + 221 X 27 = 11934 is the least root., 

The product of the least roots 27 x 27 = 729 
729 X 67 = 48843. 

Adding to this the product of the greatest roots 
i. e. 221 X 221 = 48841 

■ we get 48843 + 48841 = 97684. 

The product of the augments is 4. And when this 4 
is divided by the square of the augment ( — 2) we get 1 
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which is the original augment 1 as given in the equation 

+ 1 = 

Hence dividing 11934 by 2 and also 97684 by 2 we get 
;c = 5967 and y = 48842. 

The analysis of the “ cakraval ” or the cyclic method 
can therefore be given as follows; 

To solve + B = y2 where A and B are given. 

Find «, /3 and Bj so that 

A«2 + Bi = /32 

and then solve the indeterminate equation 

+ ^ ^ 

B, ' 

and from the known values of «, /3 and Bj find £ and t\. 
If > A take - A) if not take (A — if this 
diflference is a small number, so far so good; if not take 
' the multiple of Bj and add it to the value of f for a new 
value till we have 

[(mBi -iy- A] or [A - CmB, - iy] 

is a small number. Divide this by B and if the square has 

been subtracted, change the sign of the q uotient. Then take 

^2~A (mB,+f)2~A 

__ or --= B, 

then the solution of thife equation 

AX2 + B, = Y2 

is X = (m* + tj) with the corresponding value for y. 

If Bj # B Bj # Bp2 or ^ proceed as before. 

Otherwise follow the old method given, if it is applicable. 

Besides the methods given above there are other 
methods which are applicable only in some special cases. 
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Rule :—If the multiplier is the sum of two squares, 
take the square-root of these two squares and by these 
two numbers divide the augment separately and the 
results will be the least roots. 

Example, Solve 13x^ — 1 — 

Since 13 = 2^ + 3^ 

X = ^ or § 

The corresponding values for y are | or 

Rule :—If the multiplier is a square, divide the aug¬ 
ment by the assumed number and write the quotient in 
two places and in one place add to it and in the other 
subtract from it the assumed number and the second is 
divided by the square-root of the multiplier; halve them 
both and they will be the greatest and the least roots. 

To put it analytically 

Ax^ + B = y2 

where A — v? 

Take r any. number then 


For 


B , B 

-hr - r 

= y and a: = — 


Example :— Solve 9x- + 52 = 


52 52 , 

—• — r -h r 

^ = .r and — 


A — n^. 


6 2 
for r we can take any number we like. 


= y. 
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The foregoing analysis of the indeterminate equations- 
of the first and the second degree, is marked for its- 
lucidity that is found in any modern work on Analysis. 
It is the Hindus who first gave the solution, of the indeter¬ 
minate equations. Cantor, Kaye, Tannery and Heath 
see some traces of Diophantine methods in it but their 
views are far from facts. Even if we take into considera¬ 
tion some of the cases of indeterminate equations of the 
first degree that have been ascribed to Diophantus, we 
find that they are particular cases and can never aspire to 
possess the glory of general methods invented by the 
Hindus. In the cases that have been ascribed to Diophan¬ 
tus it would be observed that he was content with a. 
single solution, while the Hindus have found all possible 
solutions. When such is the case there is no point in 
hesitating to record the credit to the Indians simply be¬ 
cause they are Indians. Of all the western scholars it is 
only Hankel who observes that the Indians aided the 
general progress of Mathematics and flatly rejects the 
Diophantus’ claim to these equations. It is Hankel who 
impartially observes: “the learned Brahmins of Hindustan 
are the real inventors of Algebra.” 

The invention of the cakrawdl or the cyclic method 
given by Bhaskaracarya is of remarkable quality and is 
nothing but the inverse cyclic method of Galois, Euler, 
Lagrange and the Western Mathematicians who invent¬ 
ed again these very methods very lately. With great 
keenness of intellect Bhaskaracarya recognised the 
various solutions of the indeterminate quadratics and the 
European scholars have no alternative but to accept that 
the cyclic method given by the Hindu Mathematician 
constitutes the greatest invention in the theory of num¬ 
bers before the time of Lagrange. It must again be 
pointed out that the cyclic method was given by Bhas- 
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karacarya in the twelfth century nearly four hundred 
years before it was rediscovered in Europe. In the face 
of all this, to deny the due credit and the honour to the 
Hindus, is a sheer obstinacy which only the prejudiced 
western scholars are capable of having. It is true that 
the European Mathematicians could not make use of the 
brilliant results in indeterminate analysis given in Hindu 
work and they therefore had to reinvent the same results. 
But the originators of this branch of science must be given 
their place without a grudge and the equation AA:^+l=y2 
should no longer go under the name “Pell’s equation” but 
must be legitimately designated as “Bhaskar’s equation” 
after the name of the Mathematician who first gave its 
solution with all the accompanying analysis. 
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VEDHA 

OR 

Methods and Instruments of Observation of 
Heavenly Bodies used by the Ancient Hindus 
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INTRODUCTORY 


If not for anything else, at least with a point of view 
of the history of human race in its infancy, it is worth 
while to study the science of Astronomy. Though most 
comprehensive of all sciences. Astronomy is the oldest of all 
as its foundations are traceable in Vedas that are as old as 
2400 B. C. to 1400 B. C. In whatever manner, the European 
scholars may try to ascribe the origin of this science to 
Greece or Egypt, their attempts to do so are bound to 
fall flat from the various quotations from Rgveda that 
establish the fact that the ancient Indians are the origi¬ 
nators of this science; that the Europeans have deve¬ 
loped and perfected it to an enormous exent can never 
be denied, but at the same time we cannot forget to re¬ 
cord the debt of gratitude the rest of the civilised world 
owes to India for the advancement the Hindus made in 
the early stages of the development of this science. 

Unfortunately, purely astronomical works of the 
Vedic age are not handed down to posterity, but the side- 
light thrown by the Vedas on astronomical attainments, 
points out that the ancient Indians were the still watchers 
and the scientific observers of the skies. Whether this 
incentive to the early cultivation of Astronomy had its 
origin in the religious pursuits, in the mystic splendour 
of the celestial scenery or in the belief that the human 
affairs in every kind—the life history of an individual, a 
state or a nation—are controlled or prearranged by the 
motions of the stars and the planets and that from the 
study of these heavenly bodies it would be possible to 
predict the future with certainty—or in all these reasons 
combined together, nobody can definitely say. But one 
thing is evident that the Hindus were the best observers 
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of the physical phenomena in the absence of optical and\ 
mechanical contrivances. 

To the ancient Indi ns, the sky resembled a blue- 
dome resting on the earth along the circle of horizon, the 
only celestial bodies observed in the day-time being the 
sun and occasionally the moon. At night, the sky 
becomes dark and the stars shoot up twinkling with 
diamond like gleams of light fixed on the inside of a 
hollow azure dome. Stars rise and set; so do the sun and 
the moon with her changing phases. The changes in the 
seasons due to the sun, the positions of the various planets 
and the stars, the eclipses of the sun and the moon have 
been carefully observed by the Ancient Indians and these 
observations have been noted down and piled up for 
generations together and have been recognised as being, 
regular. 

We live so far from these beginnings of a rational, 
wonder that we run the risk of missing the true import 
of their results now so familiar to us. These are but the 
seeds of an important branch of culture, sown in the 
beginning of the investigation-of this nature. 

At the outset it must again be borne in mind that 
Vedas are not works on Astronomy. They abound in 
such references that fairly enable us to gauge the progress 
the Adhvaryus of the age have done. To the ancient 
Indians the influence of the sun upon the atmosphere and 
the soil must have made itself manifest and so, it is but 
natural that they must have ascribed similar influences to 
the moon, the planets and the stars and hence every 
where in Vedas we find the personification and even, 
deification of these conspicuous luminaries. Hence we 
get an inter-mixture of a mathematical deduction and 
mythology. This leads one to believe that their scientific 
deductions are rather the results of pure imagination than 
experimentation, but it is evident that the imagination 
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would work only round some grain of scientific thought. 
For instance, 

arrara: 

^iq: I 3T^: I sraaqi 3?(q-ir!T; I I aivtlcj^: I 

11 . 1 

sfiiqiit 

To what extent imagination can work if at all we have to 
ascribe the flight of this scientific thought to pure imagi¬ 
nation? Hence it must be admitted that whatever 
scientific knqwledge they possessed was based upon obser¬ 
vation aided with the imagination of the scientific mind 
and not of the poetic one. The above quotation gives us 
in a nutshell the idea the Hindus had about cosmogony 
and the modern science has but little departed from the 
theory they advanced. 

The fact that the seasons are caused by the sun have 
been observed is evident from the following quotation:— 



I. 95-3 

Translation :—Controlling the seasons ( the sun ) 
creates the east consecutively at various places. 

The above sentence is pregnant with many scientific 
facts known at the time. In the first place, it tells us that 
the seasons are caused by the sun, secondly it states that 
the earth is round and therefore the eastern direction is 
indicated by the position of the sun in the morning at 
each and every place. Hence they definitely knew that 
the local time at all places cannot be the same and it 
depends upon the meridian of the place. Of course instead 
of the position of the sun on the meridian they noted its 
position on the horizon. 

Again read the quotation: 

illcui^d'ira 
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jf ^ I 

14-6. 

Translation :—The sun never sets nor rises. When 
people think to themselves the sun is setting, he only 
changes about after reaching the end of the day and 
makes night below and the day to what is on the other 
side. Then when people think he rises in the morning, 
he only shifts himself after reaching the end of night and 
makes day below and night to what is on the other side. 
So really speaking he never sets at all. Whoever knows 
that the sun never sets, enjoys union and sameness of 
nature with him and abides in the same sphere. 

Is this not a scientific truth based upon observation? 

Units of time :—They had introduced definite units of 
time. It seems that the observations were recorded 
during a cycle of five years and so they defined ‘yuga’ ( 5 * 1 ) 
to consist of five years. The names of the years are 

and 15 ^. For rough calculations, 
they took the year to consist of three hundred and sixty 
days as is evident from the quotation: 

an gqr 31 ^ 3i5i 1 

n. 1,164-11. 

Traslation :—The sun’s wheel with twelve spokes 
revolves round (the earth) and is never destroyed. Oh fire 
on this wheel are mounted (360) couples containing seven 
hundred and twenty people. The above language is rather 
figurative. The day and night are described as husband 
and wife and they are fitted on the wheel of the year. 

Though the year was taken for ordinary calculations 
to consist of 360 days, but actually it consisted of 354 days 
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■i. e. they knew that twelve lunations means 354 days 
approximately. For here we have 

meaning thereby that six days are to be omitted in all, 
one day being omitted before the completion of two 
months i. e. 59 days make two months. If these days are 
not omitted 

3?^: I 

V. 10-2. 

the year would unnecessarily inflate like a full blown pair 
■of bellows. 

Hence it is evident that for ordinary purposes they 
had their year of 360 days but for astronomical calcula¬ 
tions, they took the year to consist of 12 lunations i. e. 
354 days. So in order that the two should be in confor¬ 
mity of the observations taken, they introduced the 
3nq5BiTr?f or the intercalary month. For while giving the 
names of the months there appear to be thirteen names 
•though they have definitely stated that twelve months 
make a year. Read the following quotation: 

Thus the name of the 13th month is and it was known 
as 3 ?^^% 

The whole year was divided into six parts and each 
:part was known as 5155 . Thus two months make one 

I Wlci: I 

%. IV 4-11. 

This gives which months form which The 

inames of the ^ are (1) (2) qM (3) (4) (5) 

and ( 6 ) 

10 
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is used to denote the part of the month in whichi 
the moon waxes and means that part of the month; 
in which the moon wanes. These words clearly indicate; 
that the month ended in the new moon day. 

In Taittiriya Brahma na (III. 10-10-1,1 1, 2 etc.) we 
find the names of the days and nights in and 

Again in Taittiriya Samhita (III. 4. 7. 1) we find the 
following 

which tells us that moon possesses the rays of the sun 
i. e. moon possesses borrowed light. Again the quotation 

... i 

shows that the phases of the moon are caused by the sun. 
On the new moon day the moon enters the sun i. e. the 
elongation of the moon is zero and therefore the phase 
is zero. In Rgveda (II 32-8) some of the phases of the 
moon such as (gibbous moon) ^qsr (full moon) 

or 32 (the new moon) (the first thin crescent 

preceding or following new moon) are personified. These 
are the phases of the moon at various elongations. Thus 
we can aptly conclude that the movements of the moon 
were studied with accuracy. 

Again to Hindus goes the credit of the division of 
the zodiac into twenty seven equal parts of 13® 20' each;, 
and each part is known as the or the constellation. 
The word means a lunar mansion and in Rgveda 
(I 50-2) we find that the moon is personified as a bouyant 
youth who visits the twenty seven mansions of his 
spouses in turn. The names of the constellations are also 
found in Taittiriya Samhita (IV 4-10) and so we are per¬ 
fectly justified in infering that the movements of the 
moon in the zodiac were studied completely and its use 
was made as the time measurer and the month-measurer 
at least as early as 1400 B. C. according to the general 
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estimate by Sir Monier Williams (see M. Williams book 
Indian Wisdom). Such being the case, it is really a waste 
of cSorts on the part of Prof. Whitney to try to show 
that the signs of the zodiac and much of astronomy con¬ 
tained above were berr - wed from the Greeks. Greeks 
in fact had little knowledge of the astral bodies when 
Hindus had made enormous strides in the science of 
Astronomy. Prof. Whitney in his “ Oriental Linguistic 
Studies” Vol. ii, pp. 341-421 has tried to take a review, 
in the face of above direct evidence, of the various opi¬ 
nions and arguments as to the origin of this idea and 
tries to convince that the original idea might be due to 
Greeks. Arabs or Chinese but Indian, and conveniently 
concludes afterwards that the matter is unsettled. How¬ 
ever shrewd this attempt may be, it cannot be denied 
from the quotations cited above that it is the Hindus who 
are the originators of this idea. To make such “ a sweep¬ 
ing assertion that the solar signs of the zodiac and much 
of the later astronomy with many astronomical terms 
were borrowed from the Greeks” without any direct 
evidence would hardly convince any one. 

Mr. Monier Williams rightly observes that “the 
names of the Indian months have certainly been taken 
from the asterisms in which the moon was supposed to 
be full at different times of the year and what is still more 
significant is that the names of the lunar asterisms have 
clearly been derived from ancient deities ”. So it would 
be erroneous and foolish to consider that Hindus owed 
their knowledge of astronomy to the Greeks. It is per¬ 
haps the latter who owe a debt of gratitude to the for¬ 
mer for supplying them much of the advanced theory 
Hindus developed till then. 

Again in Rgveda Samhita (V 40) there is a reference 
to the eclipse of the sun: 
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in^s^ ^i^ti aTOf^,u gai ?wgiq^ 
sf^®iisR'4'4i^- II ftwnin? f^gi ftj|i<lct u 

'■S 

fJi^ arf^ II Jn^^i sin 5f3tw: 

^r5wgiqi%^ n srf5f: 

3T3^ II % % ^^^i1g??rn?rT n 

SRlf^ll- 

5-40 

I 

Translation :—Oh sun when you were covered (eclip¬ 
sed) with () darkness by the Asuras, the whole 
world was plunged in darkness and people were at a loss 
to know their locations. 

Oh God Indra, destroy the darkness on the earth. 

Atri got the sun back by means of when 

he was covered with * Apavrat ’ darkness. 

Oh Atri let not that Asur swallow me with the 
desire for food. Please protect me with the help of 
Varuna. 

Atri after worshipping and offering prayers was able 
to remove darkness and find the sun (i. e. free from 
eclipse). Thus Atri got back the sun that was covered 
with arwa darkness. Only Atris can do it not others. 

The above description throws an amount of light on 
the astronomical knowledge of the time. People were 
not afraid of the eclipse as a calamity, they knew it to be a 
phenomenon governed by the laws of nature and so did 
not attach any superstition to it. Atri or Atris were 
the mathematicians of the day who calculated the dura¬ 
tion of the eclipse by means of obs'jrvations taken with 
the help of g^q qrq (known as g(rq after the name of 
the Adhvaryu who prepared it). The reference of 
and 3iqqq the two kinds of darkness eclipsing the sun 
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seems to refer to the total and partial eclipse of 
the sun. 

Thus it would be observed that in the absence of any 
purely astronomical work, it would be diflBcult to gauge 
the progress made by the Hindus in this science during 
the period when Vedas were composed ; but the passing 
references culled from various sections of the Vedas throw 
an amount of light on the knowledge of the astral bodies 
the learned Hindus of the time possessed. In support of 
this number of quotations arc found in Vedas and above 
are given but only the choice ones omitting the others as 
they express the same facts already stated. 

Hence we can say that Hindus of the Vcdic age had 
definite units of time. They studied the movements of 
the moon by noting down its path through the twenty- 
seven constellation. They introduced the intercalary 
month in order to establish a connection between the 
civil year and the astronomical year. They noted down 
that twelve lunations means 354 days and adjusted their 
calendar accordingly. They had observed that the sun is 
on the northern side for six months and southern side for 
six months i. e. one year. 

I must not however permit myself to continue these 
reflections any further the main purpose of the following 
pages is to bring about some salient features of the past 
that would fairly enable the reader to understand the 
methods and instruments of observation of astral bodies 
used by the Hindus from the Vedic age to the end of 
17th century. This I have divided into four sections 
A, B, C and D. This being done, the lessons and conclu¬ 
sions to be drawn from the study of these features must 
be allowed to remain over for consideration and discussion 
elsewhere. 
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The amazing accuracy of modern Astronomy is almost 
entirely due to our enormously increased power of laying 
sights. The invention of telescope and spectroscope have 
ushered in discovery after discovery; little wonder then 
that India lost her position as the one and the only one 
country that led the whole world in the science of Astro¬ 
nomy as the Indian methods of observation were based 
upon the naked eye in the absence of optical and mecha¬ 
nical contrivances. It is no exaggeration to say that the 
telescope has increased the powers of observation to 
several hundredfolds and that is why the Europeans have 
developed and perfected this branch of science 
considerably. 

But before the discovery of the telescope—i. e. in the 
pretelescopic days, the methods of observation employed 
and the instruments used by the Indians to probe into the 
mysteries of the universe by the unaided eye, are most 
praiseworthy. They paved the way for further develop¬ 
ments of the science by introducing various methods of 
calculations for various problems, so that with the intro¬ 
duction of the telescope the westerners were able to 
progress in the science by leaps and bounds. 

We live amidst a civilisation where Astronomy is 
highly advanced and thus we run the risk of missing the 
true import of the early researches and investigations 
now so familiar to us; but from the point of view of the 
history of Astronomy these early results obtained by 
Hindus are but the first milestones in the progress of the 
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science, and what amazes us most is the sufficiently high 
degree of accuracy of their observation with the unaided 
•eye. Hence from the historical point of view it is worth¬ 
while to know what instruments were employed by the 
ancient Hindus to study the positions of the astral bodies. 

The earliest reference of any such instruments 
employed by the Indians is that of Turiya instrument 
which seems to have been made use of, to obtain 
the altitudes of the heavenly bodies, Rgveda Samhita V 
40 already mentioned refers to an eclipse of the sun. The 
■6th Sloka in it, states 

which when literally translated means “ Atri got back 
the sun covered by the shadow, by means of 
The instrument Turiya appears to have been named after 
a Brahmin by name Turiya. 

This instrument consists of a quadrant circle with a 
movable tube passing through the centre and resting on 
the arc of the quadrant which is graduated in degrees and 
minutes. Through the tube ( ) the heavenly bodies 

are observed and the angle made by the tube with the 
Verticle gives the zenith distance—called JRira and its 
complement or altitude. 

Of course in the absence of purely astronomical work 
of the Vedic age i. e, 3000 B. C. it would not be possible 
to know what other instruments there were or what was 
the form of even this when Atri the mathemati¬ 

cian of the day calculated the solar eclipse and predicted 
its time. But from the later developments in the obser¬ 
vations, this Turiya instrument has been employed and it 
would not be bold to assert that it is handed down to 
Indians from the Vedic days. 
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In Vedas we find a number of references regarding^' 
the positions of the heavenly bodies^ but as there are no 
allusions to the instruments they made use of, we cannot- 
depend upon our conjectures alone. 

After the Vedic age we come to the age of Vedahgas 
(1500 B. C. to 750 B. C.) This period is characterised in, 
the Hindu civilisation as the period of sacrifices offered 
to Gods. During this period (as even now) the whole of 
India was under the powerful sway of religion and the 
necessity of performing the sacrificial rites to please the: 
gods, so that they should deserve the hopns which the 
gods confer on in return, led the Hindus of the day to 
mark the proper time or rather to choose the auspcious • 
time, to commence the sacrifice. This necessitated the 
marking of the motions of the sun and the moon and this 
led to the division of the zodiac into twenty-seven parts». 
The moon circuits the stars in 27-32 days so that 27 is the 
nearest whole number and that is why the zodiac is divi¬ 
ded into 27 parts, each part being called the Naskatra 
—lunar mansion—or the asterism so that each asterism 
was made to agree more nearly with the moon’s mean 
daily motion. 

During this particular age, the Vedanga Jyotis—a 
work on Astronomy was composed of which only forty- 
nine stanzas are available. But they give us the detailed- 
development of Astronomy of the time and since the 
determination of time was the main problem of the day 
to the Hindus, they invented the waterclock—the instru¬ 
ment for measurement of time. 

Waterclock is simply a vessal with a small orifice at 
the bottom through which water flows out (when full) 
in the unit of time called nadika (nifl^Bl). It is equivalent 
to twcntyfour minutes. From the 24th stanza of the 
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Yajus Jyotis, it is clear that the measures they defined,, 
are as tabulated below. 


• 

^5r^5BRfRg *#1. stfli'JiJi, 11 11 

50 palas = 1 adhaka 
4 adhaka = 1 drona = 200 palas 
4 prastha = 1 adhaka prastha = 12-5 palas 

4 kudava = 1 prastha kudava = 3-125 palas 

3 kudavaas= 9-375 palas. 


The seventh stanzas of the Arc Jyotis 

^5)^ g II's II arr^ » 

gives; the day or night increases or decreases by a prastha 
in one Ayana i. e. half year—the time the sun takes to 
travel from one solstice to the other solstice. 


From above 

nadika = 1 drona—3 kudavas 
= (200-9-375) palas 
= 190-625 palas 


195-625 
~ 12-5 


prastha 


= 15-25 prastha 


2 Nadikas = 1 Muhurta 6 muhurta = 12 nadikas 
15-25 X 12 = 183-00 days in one Ayana 


One year = 366 days. 

Hence the length of the year was taken to be 366 days— 
a fairly accurate result when we take into account the 
means at their disposal. 
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Later on we find that the waterclock is frequently 
made use of, for the determination of time by ancient 
Hindus and in Suryasiddhanta the most celebrated work 
on Astronomy, we find a detailed description of this 
instrument viz:— 

. I 

II II 

XIII Suryasiddhanta 

Translation :—A copper vessal in the form of a 
hemisphere with an orifice at the bottom when placed in 
clear limpid water sinks sixty times during the interval of 
day and night. 

The sixtieth part of the day is named Ghatika from 
the word Ghat meaning a vessal or is also named Nadika 
or Nadi ‘ a reed ’ which was used in the primitive days. 
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SURYASIDDHANTA 

In Suryasiddhant i there is a chapter devoted to the 
■description of various instruments used by the Ancient 
Hindus upto the composition of Suryasiddhanta. These 
instruments must have been in use for a number of years 
before their description was included in this work. From 
the results obtained in the days of Vedahgas as given by 
Vedahga Jyotis, it is clear that the Ancient Hindus must 
have some types of instruments to take observations of the 
heavenly bodies ; otherwise their calculations would not 
have been correct to so fair a degree of accuracy. How¬ 
ever crude these instruments may be, they must be there 
and chapter XIII of the Suryasiddhanta must have been 
an improvement upon an old treatise of the ancient 
times. 

This chapter on instruments give the construction of 
an armillary sphere, a Sahkuyantra or gnomon, the 
Cakrayantra or the graduated wheel, Kapil Yantra 
■or hollow hemisphere, Dhanus Yantra or semicircle, 
Narayantra, Mayur Yantra, Vanar Yantra etc. 

Colebrooke in his essay on Indian and Arabian divi¬ 
sions of the zodiac, (Asiatic Researches IX 323, Essays ii 
321 etc.) has tried to compare these instruments with 
those of somewhat similar nature employed by the Greeks 
and Arabs, and tries to throw a hint that the construe- 
tions of these instruments may have been borrowed from 
the instruments of western nations, but such compari¬ 
sons establish, on the other hand, the fact that the 
Greeks borrowed their knowledge of Astronomy and 
Mathematics from Arabs who in their turn learnt it from 
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the Indians. The description of the armillary sphere- 
appears to be so *' cumbersome a structure ’ to each and 
every European scholar from Colebrooke Davies, Burgess 
down to Kaye, so much so that everyone of them, has 
opined that its construction is an impossibility. But 
when we observe the massive masonry instruments at Delhi 
and Jaipur Observatories called the Jaiprakash Yantra, 
named, after himself by Jaisingh, we see that it is not at 
all an impossibility; this ‘ cumbersome structure ’ on the 
other hand, is the height of ingenuity of the Hindu 
Astronomers, The Jaiprakash Yantra is based upon the 
construction of an armillary sphere given by Surya- 
siddhanta. Arabs and Greeks never m»de use of an 
armillary sphere described in Suryasiddhanta and in the 
face of such glaring historical facts to try to conclude 
without authentic reasons, that the Hindus borrowed the 
constructions of their instruments from the Greeks or 
Arabs, is bankruptcy of reason and logic. But such a 
controversy is not the object of the present work, so let 
us try to understand the constructions of the various 
instruments given in the Suryasiddhanta. 

First is the description of an armillary sphere but we 
would come to that later on. Let us begin with the 
Sahku Yantra or the gnomon. 

/ 

Sanku Yantra 

The construction of this instrument is given at full 
length in the beginning of the third chapter of the Surya¬ 
siddhanta. Chapter III verses 1 to 7 are :— 

^ II 5 II 


• These are the words used by Burgess. See Burgess Suryasiddhanta 
Chapters XIII, 
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5R5qin5T?r!at»i^ i 

, ii’s ii 

^151 W 1 

iMirsii ^’in qj^sjjT ^^Tejvnfi^ li ^ n 

siFqra? 1^4'-^ I 

T^JT'ai jq?^: g^II'-:?! U v n 

•N. 

^^itsinn^i: II ^ II 
^injqu^aq; i 
=q f ^gq j qo g a II ^ II 

<^l»i-"HH^mi'--3T fq^qslJT^I I 

f^q^t ^j^qjqqrsT^R^ ii ^ ii 

Translation: —(1) On a stony surface made water 
level or upon hard plaster made level, draw 
an even circle of any radius desired. 

(2) At its centre erect a gnomon of twelve units 
and where the extremity of the shadow tou¬ 
ches the circle in the former and latter part 
of the day (and aqqq )• 

(3) There fixing two points on the circle, call 
them forenoon and afternoon points, draw 
between them north-south line. 

(4) Draw by a fish figure an east-west line and 
the intermediate directions. 

(5) Draw a circumscribing square by means of 
the lines going out of the centre by the digits 
of the base lines projected upon them is any 
given shadow reckoned. 

( 6 ) The east-west line is called the prime-verti¬ 
cal (the equator (and 
the great circle passing through the pole and 
the east-west points, ( 33 ^ 0 ^ 551 ^), 
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(7) Draw likewise a line parallel to the east-west 
line through the end of the equinoctial 
shadow. The interval between any given, 
shadow and the line of the equinoctial shadow 
is denominated the measure of the amplitude: 
(3CT). 

The above stanzas give us the following construction: 

With O as centre describe a circle with any radius 
on level ground. At O erect a gnomon; go on marking 
forenoon and afternoon points on the circle and thus 
determine the north-south line NS. The perpendicular 
bisector of NS is the east-west Irne. ( Curiously enough 
the construction of drawing a perpendicular of a line 
given in the Sulva Sutra of Baudhayan is made use of 
here). On the equinoctial day the shadow of the gnomon 
would fall on the line NS; it is OA say when the sun is on 
the meridian. Through A the end of the shadow draw a 
line parallel to WE. This line is called Agra as =it passes 
through the Agra (ain) or the extremity of the shadow. 




The level ground is the horizon and the various 
circles are shown in the second figure. P is the pole and 
Z is the zenith in the celestial sphere in the second figure 
at any place, N, W, S and E being the north west south 
and east point of that place. Then 
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the circle EZW is the prime vertical 
the circle EQW is the celestial equator 
the circle EPW is the 

the last circle enables us to know by how far the pole is 
raised from the horizon of any place. This last circle is 
not at all mentioned in any European Astronomy and 
hence there is no corresponding English term for this 
circle. 

All these circles pass through the line WE that is 
what the stanza 6 gives. 

The use of the instrument is dealt at full length in 
the same chapter. 

On the Visuvan day (i. e. equinoctial day) the 
shadow of the gnomon would fall along NS when the sua 
is on the meridian. Let <f> be the latitude of the place 
and h the height of the gnomon. Then the length of the 
shadow is h tan 0 on that day. Let be the position of 
the sun on the meridian on any other day and let B be 
the end of the shadow of the gnomon when the sun is 
at XI. Then 

PZ = 90“ - 4>, PXi = 90° - S 
ZXi=PXi-PZ=90°-5 - 90° + 0 = 0-5. 



The shadow OB = h tan (0 — 5) 
AB=OB—OA=[/i tan (0—5) —tan 0].. 
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Again let p be the length of the equinoctial shadow 
<1 the hypotenuse of the triangle with h and p as sides and 
let X be the position of the sun on the meridian. Then 
from similar triangles in the figure. 


z 



or ^ gives Sin (Colatitude) 
or gives Sin (latitude) 


.a can be obtained from = h? p^. 


h = IZ units and p can be measured directly and thus 
the latitude of the place can be determined; the meridian 
zenith distance of the sun is also easily determined by 
simply noting down the midday shadow. The principle 
employed is simply that of similarity of triangles. 


is always 


the Sine of the zenith distance of the sun. 


Again on the equinoctial day S = 0 ± z. 
according as the sun is between the zenith and the pole 
or beyond the pole and the zenith. When 0 is known, z 
— 1 ”1 

on that day is Sin •— oi; Sin —t==^ and thus 

a Vh2 + p2 

the declination of the sun on that day can be obtained. 
It must be noted that the Hindus turned all the trigono¬ 
metrical ratios into arcs. 
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All these results are stated as rules in verses 13 to 18. 
In addition verses 18 and 19 give us the rules for finding 
the sun’s longitude on any day of the year. When the 
sun is at the solstice the declination of the sun is equal 
to the obliquity of the ecliptic. Hence if an be the obli-; 
quity of the ecliptic and L the longitude of the sun the 
verse 18 tells us that the sine of the declination divided by 
Sin w gives us the sine of the longitude of the sun when 
the sun is between Aries and the summer solstice, while 
verse 19 tells us that when the sun is between summer 
solstice and Libra, this result is the supplement of the 
longitude of the sun i. e. tt — L. The exactness of this 
rule can be verified for the right angled spherical triangl¬ 
es y SM and Q S'M'. 



Commenting on this verse Burgess says “It is hardly 
necessary to remark that this • is very rough process for 
ascertaining the sun’s longitude and could give, especially 
in the hands of Hindu Astronomers results only distantly 
approaching the accuracy’’.* One fails to understand what 
led Burgess to make such a misleading or rather utterly 

, • Suryasiddhanta by Burgess. 

• 11 
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wrong assertion, when the result stated is mathematically' 
accurate according to the modern methods. Either 
Burgess was not able to grasp the fundamentals of Astro¬ 
nomy or he inadvertently starts with the assumption that 
all Hindu works are trash. No other conclusion can be 
drawn when we see the validity of the results given. 
Again if X be the position of the sun at the time of setting. 



and W be the west point tile arc XW was called agra 
(3 m). PZX=»90°—XW. From the spherical triangle PZX. 

sin 3 = cos 0 cos (90° — XW) 

= cos^sinXW 
sin ^ sin 8 


sinXW 


cos 0 


( 4 ) 


-f sin S. 
h 


Verse 22 gives us exactly the same rule viz. the sine of 
the declination multiplied by the equinoctial hypotenuse 
divided by the gnomon sine, gives us the sine of the sun’s 
agra. 

A number of results are thus obtained by taking 
observations of the shadow of the gnomon and are stated 
as rules throughout this chapter for the use of future 
astronomers. Thus finding the latitude of the place, the 
zenith distance of the sun, at any time, the longitude of 
the sun, the declination of the sun, the arcual distance of 
the sun from W the western point at the time of setting, 


MjcLtrLtraujcjoJ. 


SURYASIDDHANTA 


161 


finding the lengths of day and night and various other 
problems involved therein together with their converses 
are worked out and stated as rules by simply observing 
the shadow of the gnomon. 

The verse 24 of the chapter XIII states 

?F5i gis f^l ^ I 

T ranslation :—The gnomon instrument is very useful 
by day when the sun is clear and is an excellent means of 
ascertaining time by noting the length of the shadow. 

In all the observatories of India, we find the gnomon 
or the Sahku Yantra erected according to the instructions 
of the Suryasiddhanta. 

There are other instruments of observation mentioned 
in this chapter for measurement of time but their con¬ 
struction is not given here, as some of them are simple and 
some of them have been superseded by the ^aiiku Yantra. 
Of these the circle, the semicircle and a quadrant (i. e. 
Turiya Yantra already mentioned ) are made use of, to 
observe the altitude and the azimuth of any heavenly 
body. 

The circle is marked with 360 degrees on its outer 
rim and is suspended by means of a string or chain so that 
the plane of the circle remains vertical. The arcual distance 
of the body from the point of suspension gives the zenith 
distance and its complement, the altitude of the heavenly 
body in question. Generally the circle is first suspended 
in the vertical plane passing through the north and south 
and thus the rotation of the circle from the north point 
to the plane of observation measures the azimuth of the 
body. Instead of the circle, a semicircle or a quadrant of 
a circle can also be made use of, for the same purpose. 
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■ The main instrument that has been described in this 
chapter is the construction of an armillary sphere to 
;which a reference has already been made. It is called 
the sphere representing the positions of the various 
astcrisms together with the diurnal motion of the sun, the 
moon and the planets. Its construction is given in verses 
3 to 15 of this chapter : They are as follows :— 

\ 

w ^«n II II 
. ?RwnignH?i: 'I'M! 

; #: ^ ii 

T^'f^irr: i\ « u 

^nKnifeif^raT: qaql: q;^«n''fi5«fi<iq i 
3pi3Tt^wfi^?«rRf ^PTWif^Rra^sn ii « ii 

^ gilsrai ii ■«. II 

3T5TJll^ % I^^q^TSTITO I 

ifiin^yUldJfT ¥JRPiq[.U 1*1 I' 

•t|J5i;i<gt^ qRRtTPFg^IT^ra: i 
; ^^^sqqsEtiTci; ii i' 

55jw^ »r5gf% ^s^rra; i 
w^qfw'-wi II ii 

?n^T?IRqif5|^^qg I 

^ T^igqTc^raqnj^H, n 'i'^ h 

^ ^ %%5r nug^ II 'iH II 
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SURYASIDDHANTA 1^ 

Translation :—Having fashioned a terrestrial of any 
desired size, fix a staff passing through its centre and 
projecting on both sides to represent the axis ( ). 

(Fix) two circles called the adharakaksa i. e, the 
supporting circles (answering to the colures) as also^thc 
circle of equinoxes. 

Let the three circles marked with the number of 
degrees in the twelve signs be prepared (to represent 
diurnal circles at the ends of three signs Aries, Taurus 
and Gemini) with the radii as adopted to the scale esta¬ 
blished for those other circles in proportion to the 
equinoctial. 

Let him (the astronomer) fix the three circles of 
Aries and other signs respectively (on the two support-? 
ing circles) marked with the degrees of declination north 
and south, at the end of respective declinations (north of 
the equinoxes at the ends of the said signs). The same 
circles answer contrariwise to the (three signs) Cancer and 
others. In the same manner let him fix three circles in 
the southern hemisphere for Libra and others and (three 
are ) contrariwise for Capricorn and the rest. Let him 
also fix circles of both the supporting circles of the 
principal stars of asterisms in both hemispheres as also for 
Abhijit ( and Lyrae ) and for seven great sages ( i. e. -the 
seven stars forming the Ursa Major) of Agastya (Canopus) 
Brahma (Aurigae) and others. In the middle of all 
(these circles ) fix the circle of equator. 

Let the two solstices and the two equinoxes be marked 
above the points of intersection of the supporting circles; 
, then from equinoxes at the exact degrees of every sign 
(i. e, at every 30°) the places of Aries and other signs 
should be determined by transverse strings; another 
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oblique circle likewise passes through the solstices (i. e. 
solsticial colure ). 

And there is another circle called the ecliptic; in this 
the sun revolves always enlightening the worlds. 

The moon and the other planets are attracted from 
the ecliptic by their nodes situated in the ecliptic and are 
seen ( in the ecliptic ) when their latitude is zero. 

( The point in the ecliptic ) in the eastern horizon is 
called the Lagna and in the western horizon it is called 
Astalagna. 

The point of the ecliptic in the middle of the visible 
heaven ( in the meridian ) as determined through the ris¬ 
ing periods of the signs ascertained for Lagna is called 
Madhyanha; the string intercepted between the meridian 
and the horizon is called Antya. 

And the portion (of the same line) intercepted 
between the six o’clock line and the horizon is, equal to 
the sine of the ascensional difference. 

Considering the given place as the highest, surround 
the sphere with the horizon in its middle. 
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Aryabhatta to Bhaskaracarya 

Later on Aryabhatta in the chapter on * Gola ' or the 
sphere defines all the circles (great) given in the armillary 
sphere together with the small circles representing the 
diurnal motion of the sun. The verses 22-23 of the chapter 
•^n the sphere in his eminent work called Aryabhatiya, 
Aryabhatta mentions the construction of a wooden sphere. 
He also states how to make use of the gnomon i. e. 
Sahku Yantra and gives all the rules that are contained 
in the Suryasiddhanta. 

After Aryabhatta we come to the work of Brahma¬ 
gupta known as Brahmasphutasiddhanta. In it, we find 
irhat there is a separate chapter on instruments. He has 
dealt with the Sahku Yantra, the circle, the semicircle, the 
■quadrant, the Kapala and the sphere. He states that 
-there are in all seventeen instruments by which observa¬ 
tions can be made. 

Almost all the Mathematicians from Aryabhatta 
onwards have dealt with the instruments used for observ¬ 
ing the astral bodies, and every Mathematician has added 
a separate chapter on instruments making a special men¬ 
tion whether a particular instrument is his own invention. 
Thus Bhaskaracarya, besides giving the construction of 
all the instruments used till his time, states that there is 
one more instrument that he himself has devised. In verse 
16 chapter XI of Goladhyaya, he says 
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Translation :—As others have not ascertained with 
ease the apparent time by observations of altitudes in a 
vertical circle, I have therefore-laboured myself in devising 
an instrument called the use of which I proceed 

to explain perspicuously. It contains in itself the essence 
of our calculations which are founded on the true principles 
of the doctrine of the sphere. 

From verses 18 to 27 he gives the detailed descript¬ 
ion of the Phalaka Yantra and its use as well. 

?i«rT ii 

?ri n u u 

^ 5tcW3 SRP^ I 

o >S 

sfw i^qi: I' » 

SfPiKdiS’ili ^ ' 

5SJIHTJ11^ 5R5R2fI II U 

qwi i 

’ !icz{^ ii II 

cisriw i 

>9 

'R5RI II II 

^ trastl M =E| ^'nr: i 

aRBfjScn: f| II ^l ,i« 

^l%iraT^ CRSJt f^Kl I 

?ira: giqipn^ n u 

’iiT^ ciqr qR5W5tfii^ 
arqr^ql^i^ gyJffJwWU'jl: I 

cFJmi% sRpRIT a#i: Jra?3i: II II 

ar^pfl^f ^itaqiraf qflart ciwg; • 

^il^mgqR qsa^s^ qRsqflii ii 
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fpn5j ^ 

M H II 

^ ci«Tr qiTO ii 

'ifl^ ^qcira a*iM ii ii 

Translation —(18) Let a clever astronomer make a 
board (qj^s^) rectangular in shape, the height being 90 
ahgulis and length 180 ahgulis. Halve its length and at that 
point attach a movable chain to hold it; from the point 
of suspension let him draw a perpendicular. 

(19) Let him divide this into 90 equal parts which 
will also be ahgulis and through each part draw a line 
parallel to the top and bottom edges: these are called sines. 

( 20 ) At that point of the perpendicular intersected 
by the 30th ahguli a small hole is to be bored and in it is 
to be placed a pin of any length and it is tO' be considered 
as the axis. 

( 21) With this as centre draw a circle ( with a radius 
of 30 ahgulis) of 60 ahgulis as diameter. Mai;k the 
circumference of the circle with 60 ghatis and 360 degrees 
each degree being subdivided in 60 kalas. 

( 22 ) Let a thin pattika or the index arm with a hole 
at one end be made and length be 60 ahgulis. Let it 
be marked properly. 

The approximate ascensional difference in palas 
determined by the khan4akas or parts being divided by 19 
will here become the sine of the ascensional difference 
(adapted to this instrument). 

(23) The numbers 4, 11, 17, 18, 13, 5 multiplied 
severally by the aksakarna () and divided by 12 
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will be the khanciakas or portions at the given place, each 
of these being for each 15 degrees of bhuja of the sun’s 
longitude respectively. 

(24) Now find the sun’s true longitude by applying 
the precession of the equinoxes to the sun’s place and 
adding together as many portions as correspond to the 
bhuja of the sun’s longitude above found, divide by 60 and 
add the quotient to the aksakarna (). Now 
multiply the result by 10 and divide by 4. The quotient 
here is called Yasti in ahgulis and the number thus found 
is marked off as the arm of the pattika counting from its 
hole penetrated by the axis. 

(25) Now hold the instrument so that the rays of the 
sun shall illuminate both of its sides ( to bring it into the 
vertical plane of the sun). The place of the circumference 
marked out by the shadow of the axis is assumed to be 
the position of the sun’s place. 

(26) Now place the index arm on the axis and put¬ 
ting it on the sun’s place from the point at the end of 
Yasti, set off carefully above or below ( i. e. parallel to 
the lambarekha) on the instrument, the sine of the 
ascensional difference above found, setting it above if the 
sun be in the northern hemisphere and below if it be in the 
southern hemisphere. The distance from the point where 
the sine which meeting the end of the sine of the ascen¬ 
sional difference thus set off, cuts the circle to the lowest 
ipart of the circle will represent the ghatis to or after 
midday. 

(27) Set off the time from midday on the instrument 
counting from the lambarekha, from the end of the sine of 
this time, set off the sine of the asensional difference in a 
line parallel to the lambarekha but below or above accord¬ 
ing as it was set off above or below in finding the time 
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I from the shadow (this operation being the reverse of the 
former ). The sine met by the sine of the ascensional 
diflFerence, thus set off, is the new sine across which the 
pattika or the index is now to be placed till the Yasti- 
cinha (the mark of the index ) falls on it. This position 
will assuredly exhibit the place of the shadow of the 
axis. 

The use of the instrument is in fact to find the hour 
angle of the sun at any time of the day. To understand 
the working see the accompanying diagram 



ABCD is rectangle in which AB = 90 and BC = 180. 
Take AX = 30 and draw XY parallel to AD. With O as 
centre ( O being the midpoint of XY ) draw a circle with 
30 radius. At O put a pin perpendicular to the plane of 
the rectangle carrying a pattika or the index arm which 
can revolve about the pin along the plane of the rectangle. 
The patfika is marked properly. 

Let S be the point on the circle where the shadow of 
the pin cuts the circle when the board ABCD is held in 
the vertical plane passing through the sun. 

Let a be the altitude of the sun, S its declination, 
H its hour angle and (f) the latitude of the place. If 

A = ^ + H' where H' is the hour angle of the sun at the 

Time of rising then A is known as the ascensional diffe- 
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rcnce. ( 2 A — tt ) is obviously the length of the day. 
Consider the Spherical triangle ZPS 

sin a — sin sinS 


50 -.< 




COS 0 cosS 
^ — tan 0 tan S. 


cos <f) cos3 

But cos H' = — tan 0 tan 5 
and H' = A - ^ 
sin A = — tan 0 tan S 
sin a 


cos H = 


cos 0 cos S 


+ sin A. 


If the declination be south, the last term would be 
negative. Now from the Sahku Yantra where the Sahku 
is 12 units in height, if h be the hypotenuse of the triangle 
formed by the Sahku and its shadow when the sun is on. 
the meridian of an equinoctial day 

12 


cos 0 = 


h 


h 


cos H = ~ 


sin a + sin A. 


Now 


12 cos S 


1 h r 

12 12 L 


cos S 
is written as 
, , 12 (1 - cos S) 


cos S 
12 versin S 


cos S 


n h 

"J 12' 


, r 12 versin S . 4 15 32 ■ 

The values of are given as 


^ 63 
60’ 60’ 60 


respectively for the longitudes 15°, 30°, 45°.. 
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.90° of the sun. And the verse 23 gives the differences 

of the numerators of these fractions viz. 4,11,17,18,13, 5. 
The bar that revolves round the pin is marked to -the 


length given by 


h 


12 cos S 
cos H = sin a + sin A. 


and if x be its value i. e. if OP=a: 


= PM + sin A. 

pr = PM — sin A 

according as the declination is north or south. 


If further Sin A = PQ then 

Cos H = PM - PQ = MQ = RT 
= Cos ^ ROL 


H = Z ROL. 


Hence it would be observed that though the process 
of obtaining the, hour angle appears to be cumbersome 
still in the absence of the knowledge of modern Spherical 
Trigonometry, the results obtained are quite correct. 

What we have to note down throughout is that the 
tradition of taking observations by means of instruments 
is kept up all along; and whatever new instrument was 
invented by any Mathematician, he gave its construction 
to keep it a legacy for the future Mathematicians in the 
field. 

Another instrument for finding the time to sunrise, 
at any time of the night is invented by Padmanabha who 
lived in the beginning of the fourteenth century. This 
instrument is known as the It consists of a rect- 

angular board with a horizontal slit at the top. Below 
the slit there are concentric circles and at the centre it 
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carries a pointer denoting direction as in a map. The 
pointer can be rotated about the centre along the plane 
of the board like the hands of a clock moving on its dial. 

Hold the instrument in a vertical plane so that Ursae 
Minoris and the pole star are both seen along the centre 
line of the slit. The west indicator then gives the side¬ 
real time, the north indicator shows the rising, culmi¬ 
nating and setting lunar asterisms and the east indicator 
shows the rising and culminating solar signs of the zodiac. 
Having observed the sign and the degree in which the 
sun then is, from the calender, the position of the sun 
can be ascertained. Placing the east indicator at this sign 
on the inner circle, the west indicator gives the sidereal 
time of sunrise. The difference between this and the 
sidereal time of observation from the almanac gives the 
time before sunrise. When the Ursa Minoris is on the 
eastern side of the pole star the instrument is to be held 
with the slit uppermost and when it is to the west of the 
pole star the instrument is to be inverted. 

The principle of this instrument is very simple. 
Ursa Minoris is the brightest star in the Ursae Minor 
and is roughly 17° from the pole star. The line joining 
these two revolve completely like all the heavens once 
in 23 hours and 56 minutes approximately. Hence the 
measurement of the angle which this line makes with the 
vertical gives the knowledge of the position of the star 
sphere and therefore of the signs. The sun’s position in 
the signs being known from the calender, the time is, 
easily determined by addition or subtraction. But this 
instrument is not important as it requires the help of" the 
calender. 

From the twelfth century onwards, almost all the 
Mathematicians wrote separate works on the construction 
and the use of instruments of observation. The most 
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important of them all is Yantra Cintamani 
by Cakradhar; but it would be remarked, that the in¬ 
struments described therein, are not in any way improve¬ 
ments on these old constructions, but they have been 
elaborately described so that their use can be easily 
understood. The Mathematician Ram who has written 4 
commentary on Yantra Cintamani remarks 




This clearly indicates that a number of instruments were 
in vogue till then, but unfortunately all the works om 
them are not available. 
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OBSERVATORIES. 

In all the astronomical works of the Hindus it must 
Ibe noted that Ujjain, formerly known as Avanti, is taken 
as a place situated on the prime meridian and tradition 
also makes it the centre of astronomical learning in India. 
Surya Siddhant states. 

^ w u II 

Translation :—’(The cities named) Rohitaka Ujjain, 
Kuruksetra etc. are on the line between Lanka and the 
north pole of the Earth. This line is called the middle 
line of the Earth. 

Even Panca Siddhantika refers to Avanti in verse 
XIII as the place on the prime meridian. Bhaskaracarya 
mentions Ujjain in several connections as the place of 
zero longitude. Nowadays Greenwich meridian is taken 
as the meridian of zero longitude in all British nautical 
almanacs and in this respect may be termed as the Ujjain 
of the British. 

Ujjain is one of the most ancient astronomical cen¬ 
tres of the world and has been the centre of Hindu 
astronomical teachings. Whether at Ujjain there was 
any place reserved for all learned Pundits to take observa¬ 
tions, nobody knows as there are no relics of the oldest 
observatory as such. Perhaps the present observatory 
is built at the very place where the old one was situated 
and it may be that the Mathematicians took their 
observations there, with the instruments they made and 
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"depended more on their individual merit for the results 
they found. It appears that later on, there was an urge to ' 
keep a proper place with fixed instruments which should 
be the property of all and where anybody can go and take 
observations so that the error of personal equation can be 
eliminated to the lowest. 

Such an attempt seems to have been made in the 
reign of Akbar. Mansingh the rajah of Amber built 
ManMandir in the beginning of the 17th century. Sir 
Robert Barkar who visited India in the year 1749 states 
from the information he then got, that ManMandir 
observatory was built by Akbar and Mansingh being a 
vassal of Akbar, it may be that the construction of the' 
observatory is ascribed to Akbar. Whatever it is, one 
thing is certain that the observatory at Benares that is 
■known as ManMandir, has its foundations laid down in 
the beginning of the 17th century. To this observatory 
after a century or so a number of instruments were added 
by Jai Singh, so much so that the observatory became 
almost new. 

ManMandir observatory is not the only observatory 
improved by Jai Singh. • About four or five miles from 
Amber there was in those days a plane ground to the 
extent of twenty or twentyfive square miles. Here it 
appears there existed an old observatory from the days 
of Mansingh or even earlier, as the plane surface was a 
convenient level ground for observing the rising and the 
setting of the heavenly bodies: or it may be that such 
a place being the most suitable for observations, Jai 
Singh built a number of instruments of his own at that 
place. Later on he took so much fancy for the place that 
be founded the city of Jaipur around the observatory. 
The whole city was planned by an eminent architect 
Ratnakar Pundarik who came from Bengal. The founda- 
12 
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tion of the city however spoilt the purpose of the old 
observatory as the surrounding walls of the palace and 
the other palacial buildings make observation of the rising 
or setting of any heavenly body almost impossible. 

Tieffenthaler—a Jesuit Missionary had travelled in 
India from 1743-1786. In his book “ Historish Geogra- 
ghishe Bescheibung von Hindustan” 1785 Vol. I, he 
describes. 

‘ But a place that deserves detailed description is that 
where astronomical observations are made; it is such a 
work as is never seen in this part of the world and by 
the novelty and the grandeur of the instruments strikes 
one. This large and spacious observatory is close to the 
king’s palace...* Then he goes on describing the important 
instruments one by one and then further says; * the 
matter which detracts from the value of the observatory 
is that in a low situation surrounded by walls the observer 
cannot see the rising or setting of the stars ’. 

Such a criticism by foreign visitors of the observatory 
is but the representation of a truth, but that confirms the 
fact that the observatory situated as it is, is even older 
than Jai Singh: and as I have suggested probably it dated 
to the days of Mansingh or even earlier. 

There is another point to be noted and that is the 
instrument known as the rasivalayas\ Jai Singh who 
gives the use of each and every instrument is silent about 
these rasivalayas, and upto 1907 nobody cared to know 
the meanings of those instruments. In the year 1907 Mr. 
Garett tried to know their meaning with the help of the 
local astronomers who failed to guide him properly. 
With good intentions, he tried to rebuild those instru¬ 
ments as the old ones were in a dilapidated condition. 
Instead of replacing them as they were, he tried to show 
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his intelligence by trying to establish their connection 
with the rising signs of the zodiac, with the result, that 
he changed the old instruments according to his own 
scheme. Thus the whole of humanity lost a monumental 
structure which the later Mathematicians would have 
found the use of. Of course total ignorance or rather the 
lethargy of the intelligentsia among the Indians is respon¬ 
sible for so tremendous a loss as that. It is a fact that till 
Garrett tried to find their meaning no Indian seemed to 
know the use of the rasivalayas. Perhaps Jai Singh too 
might not have been able to find out their real use and 
therefore kept them as they were; all our conjectures in 
that direction are in vain, since these instruments have been 
completely changed by Garrett. At the same time these 
rasivalayas cannot be later additions as there is no mention 
of them by any Mathematician of the court of Jaipur. 

Hence we can clearly conclude that the observatory 
at Jaipur must have been built in the days of Mansingh 
if not earlier perhaps together with the ManMandir obser¬ 
vatory at Benares and later on because Jai Singh added 
and improved upon them quite a lot so much so that they 
became literally new, they came to be known to the 
future generations as the observatories established by Jai 
Singh as he had founded the observatories of Delhi and 
Muthra. Delhi observatory is not the first one built by 
Jai Singh and it is not at Delhi that the principal obser¬ 
vations were made which were to form the bases of his 
new tables—the Ziz Muhammad Shahi. These tables 
were completed by recording observations for seven years 
and these observations must have been taken at Jaipur 
observatory. 

All the same it is not my intention to enter into the 
controversies on minor points as these and connive at the 
main issue—viz. the instruments of the observatory and 
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their use. Jai Singh has done a great service by leaving 
us an abiding monument of the Hindu astronomy—a 
visible link in the history of the science—a link that 
offers us a clearer grasp and insight into the conditions of 
Hindu astronomy than any number of treatises and 
ancient manuscripts. Jai Singh did three things: 

(1) He revised the star catalogue and reformed 
the calendar. 

(2) He revived the Hindu astronomy by patronis¬ 
ing the learned Pundits—Jagannath Samrafa 
being the foremost. 

(3) He promoted the study of Mathematics. 

It is true that he did not make any striking astrono¬ 
mical discovery, but with a view to keep the Indians in 
the fore-front with the march of time as well, he provided 
the Indian Mathematicians an opportunity to keep up 
the tradition of the early scholars. With this view he 
discarded the brass instruments and built masonry ones 
instead. But the discovery of the telescope and later on 
the spectroscope completely eclipsed the old instruments 
by increasing thousandfold our power of laying sight. 
Hence Jai Singh's methods fell into the background as 
they were out of date. All the same we cannot but 
tredit him upon his labours as the last expiring efforts of 
the old astronomy—the astronomy of the unaided human 
eye. If the Hindu astronomy is to be revived again and 
if the Hindus are to lead the whole world in the field of 
astronomy as they did to the end of the 17th century, 
Hindus must adapt their observatories with the modern 
instruments and contrivances. Even these old observa¬ 
tories fitted with modern requirements would go a long 
way to improve our ideas and we would no longer be 
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required to look to the westerners for correcting our 
calendars. 

Samrata Jagannath—a Maharashtrian—was one o^ 
the most eminent astronomers of those days and Jai Singh 
appointed him as his Guru. He invented the instrument 
known as the Samrata Yantra after his own name. This 
instrument is useful in finding the hour angle and the 
declination of any star or the sun. 

It consists of a triangular gnomon with the hypote¬ 
nuse parallel to the earth’s axis, with two equinoctial 
dials in the forms of semicircles such that on either side' 
of the gnomon there is a quadrant and the centres of 
these semi-circles lie on the gnomon. The front view of 
this instrument is as shown in the figure. 


% 



The triangular structure PQQ'P' in the centre is in 
the north south direction i. e PQ is in the plane of the 


^MjfLxHxmXcJtlJL 


182 


VEDHA 


meridian and QP points towards the pole so that QP is 
inclined to the horizontal at an angle 0 which denotes 
the latitude of the place. The two quadrants on either 
side of the triangular structure have their centres on PQ 
and P'Q' respectively. Thus A is the centre of the arc 
X'Y and B is the centre of the arc WZ. These quadrants 
are graduated with degrees and minutes (kalas). 

Suppose now that a particular star is on the eastern 
side of PQ and on the southern side of the quadrant XY, 
In order to know its hour angle what the observor has to 
do is to move his eye on the quadrant XY till his eye, a 
point on PQ, and the star are in one line. Let O be the 
position of the eye of the observer and L the point on 
PQ such that OL passes through the star, then the arc 
OX which measures the angle between the meridian plane 
and the plane passing through the pole and the star i, e* 
the plane formed by PQ and OL and therefore arc OX is 
the east hour angle of the star. Again the length A to Q 
is graduated in the following manner: 



Take the plane passing through O and PQ. With 
O as centre and radius OQ describe a circle cutting 
OA produced in R. (See the above figure). The arc 
RQ is graduated in degrees and minutes; and then every 
division of it is joined to O and wherever these joins cut 
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the line AQ the points of intersections arc marked accor¬ 
ding to the divisions of the arc RQ. 

Suppose that the direction OL cuts the arc RQ in 
T where RT subtends an angle of say 22 degrees at O then 
L is marked 22 degrees and so on, then the measure of 
the declination of the star is 22 degrees i. e. L AOL south 
90+^ AOL being the polar distance. Thus the line AQ 
is graduated downwards from A to Q along AQ and up¬ 
wards from B to P in the same manner.* If the star be 
on the eastern side of PQ and the northern side of 
the quadrant the observations are to be made by keeping 
the eye on the arc WZ. Similarly if the star be on the 
western side of PQ the arcs X'Y' and W'Z' are to be made 
use of. 



f 


/ 


* O being a point on the arc XY, it is at a fixed distance from A 
the centre of the arc XY and hence these divisions on the line AQ 
are not affected by the change in the position of O. 
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If the same observations are taken on the sun, we get 
the sun’s declination and the shadow cast by the triangu¬ 
lar structure on the quadrants give automatically the 
time to or after midday i. e. the hour angle of the sun. 
The readings taken by this, instrument are accurate to a 
second. Thus this instrument being most useful appears 
in all the observatories—^viz. Delhi, Jaipur, Ujjain, Benares « 
and Muthra. This is thus a definitely better instrument 
than the Phalak Yantra of Bhaskaracarya. 

Another instrument of special mention is the Jai 
Praka^ Yantra. It may be an invention of Jai Singh and 
therefore might have been named like that. But Jagannath 
calls it the crest jewel of all instruments. Its 

idea is suggested from the armillary sphere described 
in Surya Siddhanta and the other celebrated works. It 
is an armillary sphere cut into two by the plane of the 
horizon only the upper portion being kept, as that is the 
only portion visible to us. Jagannath Samrata has given 
the full description of the instrument. 

It consists of a concave hemisphere dug in the ground. 
The rim of the hemisphere represents the horizon and 
is graduated with degrees and minutes. 
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NQS represents the meridian passing through the 
south and the north points, i. e. it is the prime meridian. 
Mark the east and west points and join them so as to cut 
the north south line at C. Take the arc SQ equal to the 
latitude of the place and Q then becomes the south pole 
and the direction QC would pass through the pole of the 
celestial sphere. With Q as centre and spherical radii 

^ ± a draw two circles a being the obliquity of the 

ecliptic. Both these circles are to be graduated with signs,, 
degrees and minutes. These are obviously the circles des¬ 
cribed by the poles of the ecliptic round the pole. Mark 
on these circles positions representing the rising of the 
twelve signs in a westerly direction. Taking each of these 
points as centre describe circles, they will be twelve in. 
number. These circles represent twelve different posi¬ 
tions of the sun in the ecliptic. With O the lowest 
point of the hemisphere as centre and spherical radii 6, 

12, 18.describe fifteen circles, horizon being the 15th.. 

Through O draw sixty circles of azimuth. EW and NS 
are the cross wires cutting each other at C where a small 
hole is kept. The sun’s shadow falls through this hole 
on the inside of the hemisphere and revolves as the sun 
revolves and thus enables to note down the coordinates 
of the sun. In the hemisphere, paths are dug out for the 
observer to have ingress into, and egress out of the instru¬ 
ment. When the passages are cut some portion of the 
hemisphere will have to be taken out but this loss has 
been made good by having the duplicate of the instru¬ 
ment such that wherever there are passages in the first 
there would be the portion of the instrument in the 
second. 

In this way there are five passages in each of the 
duplicate instruments at the observatories of Delhi and 
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Jaipur. Not only the observations can be taken on the 
sun, but also on any star by placing the eye at the proper 
graduated point and observing the passage of the body 
across the north and south line i. e. the prime meridian 
of the place. 



Commenting on this instrument Kaye observes “ Jai 
Prakash is practically the hemisphere of Berosus some¬ 
what elaborated ”. I would like to be solicitous to allow 
Kaye all the credit for all the labours he has taken 
on the work on the Indian observatories but I cannot 
avoid expressing here my firm conviction that as an 
authority on the subject of Indian Mathematics or 
Indian Observatories he is hardly to be trusted and 
his remarks must be used with extreme caution. 
The above statement of his is entirely false and therefore 
misleading. Kaye always tries, without authentic 
reasons, to establish that the Indians borrowed their 
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Tcnowledge of Astronomy from the Greeks and the 
Arabs,fand wants to show that Indians lack originality. 



1*0 i 

So in this case also, he makes a statement that is erro¬ 
neous. Berosus*—priest of Bel at Babylon, translated into 
Greek the standard Babylonian work on Astrology and 
Astronomy and compiled the history of his country from 
native documents which he published in Greek in the 
reign of Antiochus II. Nowhere there is any mention of 
any instrument descovered by him. All the same Kaye 
finds a certain Berosus perhaps another creation of his own, 
and perhaps from his own brain and gives the description 
of the Berosus bowl. Kaye observes: ‘Berosus bowl consists 
of a hemisphere with its rim horizontal and in the centre 
in the same plane as the horizontal edge was fixed a bead 
whose shadow on the concave surface of the hemisphere 

• Encyclopedia Britannica. 
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marked the trace of the sun’s diurnal path.’ Kaye further 
adds: ‘the resemblance (of this bowl) to the Jai Prakash 
is striking enough but it is doubtful whether Jai Singh 
had any knowledge of the earlier instrument: he could 
only have learnt it from the Muslim Astronomers,’ and 
further with a pretence of impartiality he says, ‘the Jai 
Prakash is however something more than the bowl of 
Bferosus, for it is fully graduated.’ Such statements would 
easily misguide the reader but a little thought would prove 
that they are utterly worthless. Jai Prakash Yantra is 
mainly based upon the armillary sphere described in Surya 
Siddhanta and other celebrated works of the Mathemati¬ 
cians of the 4th to 15th centuries such as Aryabhatta, 
Brahmagupta, Bhaskaracarya and others. Jai Singh’s 
theories, his instruments and books are assuredly not 
copied from European sources as there is no trace of it 
anywhere in his works. His tables even are perfectly 
original as even a glance at them would convince any 
layman. 

There is another instrument known as the Kranti- 
vrtta and is useful in directly measuring the celestial 
latitude and longitude of any heavenly body. It consists 
of a masonry pillar having a north face fitted with a cir¬ 
cular red stone in the plane of the equator. In the centre 
it carries a brass pin round which a metal framework ABC 
can easily be rotated, the angle of rotation being regis¬ 
tered by a pointer moving over the circumference of the 
stone graduated with signs, degrees and minutes. The 
frame work consists of two brass circles AB and AC and 
P is the position of the pin. 

L BAC = <0 the obliquity of the ecliptic and is taken 
as 23° 27' in those days. AC obviously represented the 
ecliptic and AB the equator. The ecliptic circle is fitted 
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•with two quadrants at right angles to the plane AC with 
a bar whose centre passes through another pin at Q so 
that the bar can rotate about Q freely. These quadrants 
are fitted with sighting bars and are graduated in degrees 



and minutes. They can rotate about the bar AC. The 
lower circle AB is also graduated. The rod AC points 
towards the position of the solstices and the lower radius 
of the quadrant makes with it a certain angle as it moves 
in the plane of the star and the pole of the ecliptic. 
This angle subtracted from or added to 90° gives us the 
longitude of the star and the sighting bar the latitude. 
At present this instrument appears in the Jaipur obser¬ 
vatory only and there too, the two quadrants on AC have 
disappeared. 

Another remarkable instrument is the Yantraraj 
which has been in use in India from the 13th century 
onwards. It was originally invented by a Mathematician 
named ‘ Mahendra Surya ’ who was the astronomer royal 
in the days of Phiroj Shah Tughlakh^ Jai Singh has also 
written a book on it. It contains eight verses. This 
instrument is more or less like a slide rule and enables us 
to solve a number of problems involving relations between 
azimuth, altitude, latitude, longitude, time and positions 
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of the heavenly bodies quite mechanically. The back of 
this instrument is fitted with a sighting bar with which 
only the altitudes of the heavenly bodies are to be obser¬ 
ved. This is the only direct observation to be made and 
then this instrument serves as a calculator. 

The principle of this instrument is based upon the 
stereographic projection. The stereographic projection 
possesses the property that all circles on the sphere pro¬ 
ject into circles except those that pass through the point 
of projection. The circles passing through the point of 
projection, project into straight lines. The construction 
of this instrument is given by Jai Singh. To understand 
it thoroughly well mathematical working has been added 
wherever necessary. 

1. Take a circular plate of wood or any metal and 
carve on it two diameters at right angles, one verti¬ 
cal and the other horizontal. The uppermost point being 
regarded as the south point. Thus SN is the north south 
line and EW the east west line. Take an arc SR towards 
west such that it subtends an angle w equal to the obli¬ 
quity of the ecliptic. If P be the centre of the plate 
join PR. Join ER as well cutting PS in T. With P as 
centre and PT as radius describe a circle cutting PR in Q 
and EW in A. Join AQ cutting PS in V. With P as 
centre and radius PV describe a circle. The following 
names are given to these circles. 

( i) The circle (P, PS) is called the tropic of 
capricorn. 

(ii) The circle (P, PT) is called the equator. 

(iii) The circle (P, PV) is called the tropic of 
cancer. 
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2. From the point B diametrically opposite to A_ 
measure BC = the latitude of the place towards the 
north in the figure (see figure on page 192). Join AC and 
let it cut NS in D. D is called the first point. Take am 


CilPRlCORN 

- EQUATOR 


CANCER 


arc AF = 0 ( = BC) so that F is diametrically opposite 
to -C. Join AF and produce it to meet NS produced in 
G. G is called the second point (the position of G is not 
shown in the figure). On DG as diameter describe a 
circle and this circle is to represent the horizon. 

3. Suppose we have to draw a parallel of altitude; 
a. Take an arc Cl towards S such that Cl subtends an 
angle a at the centre. Join AI cutting NS in K. Take 
an arc FJ = Cl and join AJ cutting NS in L. Then; 
on LK as diameter describe a circle. 

LK = PL - PK = AP. tan PAL - AP. tan PAK. 

If AP = r PAL = PAJ = i( 180°- 0 - a ) and. 

PAK = ^BPJ = i(a-0). 
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TV ^ a + <p ^ a 
LK = r cot —s- r tan — 


0 


r cos a 


2 

JLK =- 


. (X d) a — <b 
sin —cos - ' 


r cosa 


sin a 4- sin 0 
The midpoint of LK is to be taken as the zenith. 


4. Take an arc TM towards W such that it 
-subtends an angle 0. Join AM cutting NS in Z. Let Ni, 
be the point where the circle (P. PT) cuts NS. Take 
an arc N, O such that it subtends an angle 0. Join BO 
and produce it to meet NS in n. Then Zn is the diameter 
of the prime vertical. On Zn as diameter describe a- 
(Circle which is the prime vertical. 
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V. Zn =-T = 2r sec 0. 

cos tp 

The radius of the prime vertical is r sec 0. 
If Q be the centre of the prime vertical 

PQ = Pn — Qn = r tan —r sec 0 

p sip (45°+ 1 ) _ 

’'Ls(45»+|) 




1+tan 2 1 "1 

Ll-tan| 



(h , d> 

cos-g +sm 2 

1 1 


— T 

cos — sin ^ 

cos 0 J 


ss}' j 

ri+sin (j) 1 

1 



L cos 0 cos 0 

J 


= r tan (j>. 


5. The lines joining the points of intersection 
of the horizon and NS to the divisions of the equator 
would cut the prime vertical in points which are to be 
taken as the graduations of the prime vertical, since the 
declination of the zenith is the latitude of the place. 

6. 

After 

graduating the 

horizon, draw circles 


passing through each graduation of the horizon, the 
zenith and the nadir. The centres of all such circles 
would obviously lie on the line passing through Q and 
parallel to the east west line. These ate the digvalayas 
or the azimuth circles. 

13 
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Let ZRn be one of the azimuth* circles of azimuth 
A. Then the tangent to the circle ZRn at Z will make 
with Zn an angle A. If T’ be the centre of the 
circle ZRn. 

QT’Z = A 

QT' = QZ cotA. But QZ = r sec <p 

QT' = r sec <p. cot A. 
and since 

T'Z2 = T'Q2 + QZ2 

T'Z^ = sec^ <t>. cot^ A + sec (p 
= sec^ 0. cosec^ A 

T'Z = rsec 0. cosec A. 

7. To determine the hour circle make twelve 
equal divisions of the portions of the tropics of capricorn, 
cancer and the equator. These should be marked (!>, 

(2),.upto (12), in each of the circles. With (1) of 

the equator as centre draw a circle («) passing through 
(1) of the cancer, and with (1) of the tropic of capricorn 
and the same radius draw another circle (d) to cut the 
circle («). Then take (1) of the tropic of cancer and 
the same radius draw a circle (y). Lines joining the 
points of intersection of («), (/3), and («), (y) would 
intersect at a point which is the centre of the first hour 
circle. Having obtained the centre draw a circle passing 
through the centres of the circles (1) of the tropics and 
the equator. This will be the circle of the first hour. 
Draw all the twelve circles in a similar way. 


* In order to avoid complications the points R, T' are not shown 
in the figure. 


^MjfLxHxmXcJtlJL 





OBSERVATORIES 


195 


To describe regular hour circles i. e. one twenty- 
fourth of the day and night:—Divide the equator into 
twentyfour equal parts and draw twenty radiating straight 
lines from the pole to the points of division. 

8. To describe the ecliptic:—VN'is the diameter 
parts of the ecliptic (see figure on page 191). And within 
it the circles are to be drawn exactly like the first 
figure and such a disk is to be taken and is to be pivoted 
at the pole as the ecliptic. 

Divide the square of the radius of the equator by the 
radius of the capricorn, add the result to the radius of 
the tropic of capricorn and the sum gives the diameter of 
the ecliptic. 

At 23° 27' from the pole along the meridian is the 
pole of the ecliptic. One end of the thread being fixed 
there, the other end moving on the graduations of the 
equator marks the same graduations of the ecliptic 
wherever it cuts the ecliptic. 

9. To find the position of the stars on the ecliptic. 

Knowing the equatorial and ecliptic distances from 
the equinox, the declination and latitude of the stars and 
planets, we can fix the position of the stars and the 
planets on the disc. Count as many degrees north or 
south of the equator from the east point as represent the 
declination of the star north or south. Mark the point 
and join it to the south of the equator. Mark the inter¬ 
sections of this line and the east west line EW produced 
if necessary. With the pole as centre and its distance 
from this intersection as the radius describe, a circle. 
This is the declination parallel of the star. Now mark 
the spot indicating the ecliptic distance of the star on the 
ecliptic from the nearest equinox. Join the pole to this 
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point and the point where this line cuts the parallel of 
4eclination is the position of the star. 

' Otherwise draw the horizon at 66°^ 33' and the 
digvalayas as before. Now this horizon becomes the eclip¬ 
tic and the digvalayas the great circles passing through 
the pole of the ecliptic. Mark off the degrees represent¬ 
ing the celestical latitude on that perpendicular circle 
which passes through the graduations representing the 
position of the star on the ecliptic. This point is the 
position of the star. 

Such elaborate work has been done by Jai Singh 
and we have tested its correctness by mathematical calcu¬ 
lations wherever necessary. It is evident to what extent 
this instrument has become useful to Jai Singh and the 
other Mathematicians. As usual with him, Kaye has 
tried to show that this instrument is nothing but an 
astrolabe made use of by Ulukhbeg and others. It is true 
that such astrolabes were common in India and other 
Babylonian countries, but the extent to which the elabo¬ 
rateness and the accuracy were attained by Jai Singh’s 
instrument were never achieved by any other astrolabes. 
It is uncertain that the Arabs called such an instrument 
an astrolabe or some other instruments of this type 
for, astrolabe means ’the inst;rument for measuring the 
altitude of the heavenly body. All the same Kaye has 
taken fruitless troubles to make a statement that there 
was nothing original in this instrument. But it must 
again be borne in mind that the remarkable accuracy and 
case found in the *Yantra Raj of Jai Singh is not at 
all found in any foreign astrolabe even if for the time 
being we agree to bestow upon the non-Indians the 
credit of originality of the invention of this instrument. 

• There is one Yantraraj instrument in Bhandarkar Research 
Institute at Poona. 
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This in itself shows the superiority of Jai Singh’s genius 
in the field of Astronomy. It is because on the eve of the 
invention of the telescope and the spectroscope, the old 
astronomy was made perfect by the monumental masonry 
instruments of Jai Singh, his works are not valued nowa¬ 
days, but from the historical point of view we have to 
place on record the gratitude of mankind to the genius 
of a man who worked for its betterment. So we must 
look upon Jai Singh’s labours as the last expiring efforts 
of the old astronomy—as the last and the most praise¬ 
worthy attempt to probe into the mysteries of the 
universe by the unaided human eye. 

There are other instruments in the observatories 
4>uilt by Jai Singh such as the Ram Yantra, the Digamsa 
Yantra or the instrument for finding the azimuth and 
the altitude of the heavenly bodies, the Daksinovrtta 
Yantra or the meridian circle, the Sastam^ Yantra or 
the sextant, the na4ivalaya Yantra &c., but they being 
•common their construction is not given here. 
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